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Introduction

Descriptive geometry belongs to the disciplines, which form the engineering
training of specialists of higher technical education.

The aim of the descriptive geometry course is to give the students
knowledge and skills to display spatial forms on a plane and to imagine an object
form according to its plane image.

The subject of descriptive geometry is the variety of geometric images and
the correlation between them.

The tasks of descriptive geometry are the following:

1) to study the theoretical fundamentals of image construction of points,
straight lines, planes, surfaces;

2) to solve the problems of mutual belonging and mutual intersection of a
straight line and a plane, of two planes, of a straight line and a surface, of a plane
and a surface, of two surfaces;

3) to study the methods of drawing conversion;

4) to form spatial, abstract, logical thinking of students

The form constructing elements of space are geometric images like a point, a
straight line and a plane which make up more complex figures.

There are some symbols used in this textbook, e.g.:
A,B,C,D,..,1,2,3,4... — points;

a, b, ..., m, n... —straight lines and curves;
h — a horizontal straight line;

f — a front straight line;

p — a profile straight line;

a, B, v, ... — planes;

a, B, v, ... — angles;

I1; — a horizontal projection plane;

I1, — a front projection plane;

I1; — a profile projection plane;

o — point A belongs to plane a;

X, ¥, Z — projection axes



Unit 1. A PROJECTION METHOD

Image construction in descriptive geometry is based on a projection method.
Let us examine projection elements.

Fig.1 shows points A and S, located in space above plane I1;. We shall call
plane I1; a horizontal projection plane. Let us draw a straight line through points A
and S to intersect plane II;, which is called a horizontal plane. Line SA; is called a
projecting ray, point A is a projection object, A; is a projection of point A onto
plane II;, S is a projection centre.

A

A

\,A; /]

Fig. 1

A projection can be central and parallel.

A central projection is a projection, due to which all projecting straight lines
exit from one point (Fig.2). Centre S is proper in this case. If a projection centre is
infinitely moved afar, the projecting rays become parallel to each other. Such
projection is called a parallel projection (fig.3).




Centre S is improper by a parallel projection.
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Fig. 3

The rays of a parallel projection and a projection plane form oblique or right
angles. Thus, oblique-angled and right-angled (orthogonal) projections are
distinguished (fig.4).
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According to a projection method projections can be called central or
parallel ones. Parallel projections in their turn are divided into oblique-angled or
right-angled ones.

The most common are used to be right-angled projections, as they preserve
to a great extent the actual sizes of objects and their elements, besides they have a
simpler construction.

1.1. Orthogonal projection properties
Descriptive geometry course studies problems that can be divided into two
types: positional ones (problems of mutual position of geometric objects) and



metric ones (problems of measuring natural sizes of segments, angles, plane
figures, etc.).

According to these problems types orthogonal projection properties can be
divided into metric and positional ones.

We will study projection properties successively, examining projections of
various geometric elements on projection planes.

Questions to unit “A projection method”
What is a projection method?
Which projection is called a central projection?
Which projection is called a parallel projection?
What is a projecting ray?
Why are right-angled projections are the most common ones?

Aol el

Unit 2. A POINT

For construction of a projection of point A (fig.5) onto a horizontal
projection plane II; we shall draw through this point a projecting ray to intersect
plane II;. Point A, is a projection of point A. Any number of points marked on a
projecting ray will be projected into one point A;. Thus, one point projection
doesn’t determine its position in space, because this projection is the projection of
any point, which belongs to a projecting ray.

To determine a point position in space you need to have at least two of its
projections.

A point position in space will be determined if one constructs point
projections onto two projection planes, which are located at a right angle to each
other (I1; is a horizontal projection plane, I1, is a front projection plane).

Let’s examine projections of point A onto two mutually perpendicular
projection planes (fig.6).

Il
Az

7 A

Fig.5 Fig.6



To construct a projection of point A onto plane II; we put down a
perpendicular from this point onto plane II;. Similarly we construct a front
projection of point A onto plane I1, — it will be point A,.

Then we rotate plane I1; in relation to axis X, to a superposition with plane
[T, and we get a plane drawing — a diagram (fig.7).

Axis OXj; is a projection axis. So, points A, A, are a horizontal and a front
projections of point A.

Straight line A;— A, is called a link line.

As projecting rays AA; and AA,; are perpendicular to a projection plane, the
link line is perpendicular to a projection axis.

Rectangle AA;A ;A sides AA; =A 1A ; and AA;=A,A ;. Thus, the distance

between point A and horizontal projection plane II; is determined by segment
AzA1,, and the distance between point A and plane II, is determined by segment
AiA,.

One can get various graphic projection systems depending on projection
plane positions and projection centres. The most common system is a rectangular
projection system or Monge’s method.

A combination of several figure projections (at least two of them) connected
with each other is called a rectangular (orthogonal) projection system or Monge’s
complex graphic.

2.1. A point projection onto three projection planes

Let’s examine a point, which lies in the system of three mutually
perpendicular projection planes (fig.7). Projection planes II; and II, and also a
construction of projections of points A — A; and A, are already known.

Planes II;, I, I3 on fig.7 made up the first quarter of space or the first
quadrant. Coordinates in the first quarter of space have positive values.

Fig.7
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Projection plane II; is called a profile projection plane. If a perpendicular is
put down from point A to intersect I3, a profile projection of point A — Az is got.
Projection axes are marked as OX,, OY,, OZ;s.

A point position in space is specified by its coordinates. Coordinates of
point A are Xa, Ya, Za (i.e. abscissa, ordinate, applicant).

A distance between point A and plane II; is determined by coordinate Za,
between point A and plane I1, — by coordinate Ya, between point A and plane I1; —
by coordinate Xa.

To make up a diagram (fig.8), plane I1; should rotate to be superposed with
plane II,, and then plane Il should rotate to be superposed with plane II,. Front
projection plane I, remains in its place. Axes X, and Z,; will not change their
position (as they are related to II;), and axis OY; will have two directions. Two
adjacent point projections will lie on one link line.

To construct a horizontal point projection according to its coordinates, it is
necessary to know coordinates Xa; Ya. A front projection of point A which is in
the first quarter lies above axis Xi,, and a horizontal one — below the axis.

The construction of a front point projection is done by coordinates Xa and
Za, of a profile one — by coordinates Ya and Za.

z
[T [7;
A A
xoo | N
X J
I
A
[T
Y
Fig.8

If one of the point coordinates is equal to zero, then the point belongs to one
of the projection planes. In this case two of the point projections lie on the axes.
For example, fig.9 shows projections of point A which belongs to plane II, (i.e.
coordinate Y is equal to zero); fig.10 shows projections of point A that belongs to
plane Il (coordinate X is equal to zero). For the point that belongs to plane II;
coordinate Z is equal to zero.

If two point coordinates are equal to zero, the point belongs to a projection
axis.
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For example, point A lies on axis X (fig.11). In this case two of its
coordinates Y and Z are equal to zero. One of the projections (Aj) coincides with
origin.

Fig. 12 shows point A which lies on axis Y. For such a point position in
space coordinates X and Z are equal to zero. A front projection of point A,
coincides with origin.

For the point which lies on axis Z there will be its profile projection in the
coordinates centre.

ZZE Z23
A
B2 B3 I G
A
R
% Xiz e
X;z__ Y { i j
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L
1 p
Fig.9 Fig.10
23 Z23
)
X1z Ez f y
X 0 0= }_/_
£+
Y ¥
Fig.11 Fig.12

2.2. A point in different space quarters

Space is divided into four quarters (or quadrants) by projection planes I,
and IT; (fig.13).

To get a diagram we rotate projection plane II; in relation to axis OXj;
clockwise to superposition with plane I1T,. Herewith, front half-plane I1; coincides
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with lower half-plane I1,, and a back half-plane coincides with an upper half-plane.
The axes location is shown on fig.14.

n T, Z;3(-y)
-y £ i +
=l g
X12 : X127 a .
/7 : /7 yj’ (-X)
-/ v !
.yy('z)
Fig.13 Fig.14

If a point lies in the first quarter, its front projection will be placed above
axis OXj; on the diagram, and its horizontal projection will be located under
axis OXy; (fig.15, 16).

[15 A..Z

AN
A Xz 5
X127 o
Ty A HAs
Fig.15 Fig.16

If a point lies in the second quarter, its projections will be located above
axis OX; on the diagram (fig.17, 18).
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If a point lies in the third quarter, its horizontal projection will be placed
above axis OX, on the diagram, and its front projection — under it (fig.19, 20).

(> Y,

Fig.19 Fig.20

If a point lies in the fourth quarter, its horizontal and front projections will
be located under axis X, (fig.21, 22).

Till now Monge’s complex graphic was done due the availability of axis
X12, which divided projection fields. But the availability of this axis is not always
necessary, the projection view doesn’t depend on it. The most common graphic in
technical drawing is a graphic without axis, when axis is absent. The graphics with
and without axes will be used next.
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X2 0 0

Il [72\

Fig.21 Fig.22

Questions to unit “A point”

1. How are planes I1;, Iy, I1; called?

2. What should one do to get a point projection?

3. How many point projections should one know to determine their position
in space?

4. How many coordinates should be specified to find a point in space?

5. How is a point diagram made?

6. Construct points according to coordinates: A (2; 7; 4); B (0; 5; 6); C (8; 0;

Unit 3. A STRAIGHT LINE

As a position of a straight line in space is determined by its points, for the
straight line construction it is necessary to construct projections of two points,
which belong to the given straight line. Such points are extreme points of a straight
line segment.

One straight line projection doesn’t determine a straight line position in
space. It is possible to draw several straight lines in plane a. Their projections
coincide with the projection of straight line AB onto IT; (fig.23).

Two projections of a straight line completely determine its position in space.
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Fig.23

3.1. Projecting straight lines. Special position straight lines

The straight lines that are perpendicular to one of the projection planes are
called projecting straight lines.

The name of the projecting straight line corresponds to the name of the
projection plane it is perpendicular to.

A straight line that is perpendicular to horizontal projection plane II; is
called a horizontal projecting straight line (fig.24). A horizontal projection of such
a straight line is a point. A horizontal projecting straight line is projected into its
natural size onto a front and a profile projection planes.

A straight line that is perpendicular to front projection plane II, is called a
front projecting straight line (fig.25). A front projecting straight line is projected
into a point onto a front projection plane. A horizontal and a profile projections of
such a straight line correspond to its natural size.

A straight line that is perpendicular to profile projection plane I1; is called a
profile projecting straight line (fig.26). A profile projecting straight line is
projected into a point onto a profile projection plane. A horizontal and a front
projections of this straight line correspond to a natural size of the straight line.
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Level straight lines are the straight lines, parallel to one of the projection
planes. The name of a straight line corresponds to the name of a projection plane.

A straight line, parallel to horizontal projection plane II; is called a
horizontal straight line and is marked with a letter / (fig.27).

o,
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A straight line that is parallel to front projection plane I, is called a front
straight line and is marked with a letter /' (fig.28).

17 2 7
f2

X12—<

1

Fig.28
A straight line that is parallel to profile projection plane I1; is called a profile
straight line and is marked with a letter p (fig.29).

223
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Fig.29

3.2. A general position straight line
A general position straight line is a line that is neither perpendicular, nor
parallel to any of the projection planes (fig.30).
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Straight line AB is a hypotenuse of right-angled triangle ABC; AC " I, and
AC 1s perpendicular to IT;. Cathetus AC is equal to the difference of coordinates Z
of points A and B, i.e. AC=Za—Zb.

Angle a is an angle of inclination of AB to I1;.

Therefore, in right-angled triangle ABD AD=A,B,, DB=Ya-Yb. Angle B is
an angle of inclination of AB to II,.

3.3. A natural size of a general position segment

A natural size of a general position segment is equal to a hypotenuse of a
right-angled triangle, one of the catheti of which is a horizontal (front) segment
projection, another one is equal to the difference of coordinates Z (Y) of the
segments ends (fig.31).

5,

B,

Az

Fig.31

Angle a (B) between a horizontal (front) projection and a natural size of a
segment 1s an angle of inclination of a segment to projection plane II; (I1,).
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3.4. Straight line traces

A straight line trace is its intersection point with a projection plane (fig.30).

Point H is a horizontal trace of straight line AB, point F is a front trace of
straight line AB.

To construct a front trace of a straight line on a diagram (fig.32), it is
necessary to extend a horizontal projection of a straight line to its intersection with
axis OX in point F; and from the obtained point to draw a perpendicular to its
intersection with the extension of a front projection of a straight line in point F,=F.

Point F; is a horizontal projection of a front trace and point F; is a front
projection of a front trace. It coincides with the trace itself.

To construct a horizontal trace of a straight line it is necessary to extend a
segment front projection to its intersection with the axis in point H, and from the
obtained point to draw a perpendicular to its intersection with the extension of a
horizontal projection of a straight line in point H;=H. Point H, is a front projection
of a front trace. It coincides with the trace itself.

B>
AMI
2
X1z /7/2

Fi

Fz

B
M

Fig.32

3.5. A point and a straight line

Let us examine geometric images in pairs to distinguish their positional and
some metric properties. A point can or can not belong to a straight line.

If a point belongs to a straight line, this point projections lie in the uninamed
projections of the straight line.

Fig.33 shows that points ACKB belong to a straight line, as its both
projections belong to the corresponding straight line projections. Point D doesn’t
lie on a given straight line, as its horizontal projection doesn’t coincide with the
horizontal projection of the straight line. Point D is located in space above the
straight line and in front of it.
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The first condition of incidence:

C,EA;By;CieAB,—>CeEAB
D, A;B;; D € A\ B — D € AB
K, € A;By; K, € A\ B > KE AB

)
0,
Fig.33

3.6. A mutual position of two straight lines

Two straight lines in space can have mutual position:

1) two parallel straight lines;

2) two intersecting straight lines;

3) two crosslying straight lines.

If two straight lines are parallel, their uninamed projections are parallel too
(fig.34).
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Fig.34

The parallel position of two profile straight lines is determined by their
profile projections. If the straight lines intersect, their uninamed projections also
intersect, and the intersection point projections lie on one link line (fig.35).

| Zzs

. L ]

)

Fig.35

/

Xz

Two straight lines that are not parallel and don’t intersect each other are
called the crosslying straight lines (fig.36). A pair of points A and B is called
competitive, if their projections coincide on one of the projection planes.
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3.7. Right angle projection properties

If one side of a right angle is parallel to a projection plane, a right angle is
projected onto this projection plane into its natural size (fig.37).

Fig.37 shows that AB I1;, AAB,C=90°

Problem. Determine the distance from point A to straight line / that is
parallel to plane IT; (fig.38).

To determine the distance from point A to straight line / it is necessary to
draw a perpendicular AC from point A to straight line /. As / is parallel to II;, a
right angle between / and AC is projected onto II; into its natural size. That’s why
we draw  A;C; -/, then we find A,C, and with a right-angled triangle method we
determine a natural size of AC.

Fig.37 Fig.38
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Questions to unit “A straight line”

1. How should one construct a projection of a straight line segment?

2. Which straight lines are called the level straight lines?

3. Construct the projections of a horizontal, a front, a profile straight line.

4. Which straight lines are called projecting straight lines?

5. Construct the projections of the horizontal, front, profile projecting
straight lines.

6. Specify the algorithm to find a natural size of a straight line with a right-
angled triangle method.

7. How can one find the angles of inclination of a general position straight
line to projection planes I1; and I1,?

8. What is called a straight line trace?

9. How are the projections of two parallel straight lines, two intersecting
straight lines, two crosslying straight lines placed?

10. What is a right angle projection property?

11. In which case the distance between the straight lines of a general
position is projected into its natural size?

Unit 4. A PLANE. METHODS OF ITS DEPICTING

4.1. Methods of plane depicting

A plane can be specified by six methods. Let’s study them.

1. A plane can be drawn through three points, which don’t lie on one straight
line (fig.39).

2. A plane can be drawn through a straight line and a point that doesn’t lie
on this straight line (fig.40).

3. A plane can be drawn through two parallel straight lines (fig.41).

4. A plane can be drawn through two intersecting straight lines (fig.42).
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5. A plane is specified by a cut off of any form (fig.43).
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6. A plane is specified by traces (fig.44).

A straight line on which a plane intersects a projection plane is called a plane
trace.

X12

f:
frozh;
\/77"

Fig.44

A plane intersection with IT; is called a horizontal trace and with I1, — a front
trace.

Fig.44 shows a general position plane that is specified by traces. A front
trace of plane L coincides with its front projection /,, and a horizontal trace of
plane K coincides with its horizontal projection k;. A horizontal projection of front
trace /; coincides with a front projection of horizontal trace k, and lies on axis
OXya.

If a projection plane has been specified, one of its traces is depicted athwart
axis Xi,. This trace in most problems is not shown on projections.
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4.2. A plane location in space. Special position planes

Special position planes are projecting planes and level planes. Projecting
planes are the planes that are perpendicular to one of the projection planes. Their
name corresponds to the name of the projection plane, which they are
perpendicular to.

A plane that is perpendicular to IT; is called a horizontal projecting plane; a
plane that is perpendicular to II, is a front projecting plane; a plane that is
perpendicular to I1; is a profile projecting plane.

Horizontal projections of all the points that belong to a horizontal projecting
plane lie on one straight line, which is a horizontal trace of the given plane (fig.45).

This property of a horizontal trace of a horizontal projecting plane is called a

collecting property.
m p

[,

X12 X12 k2 /1

Ki
3

Puc. 45.
Fig.45

A front trace of a front projecting plane and a profile trace of a profile
projecting plane have the similar property. Level planes are the planes that are
parallel to one of the projection planes. Planes that are parallel to II; are called
horizontal planes (fig.46), a front trace of such a plane is parallel to axis Xj,.

<

X12
——

Ruc. 46.
Fig.46

Planes that are parallel to II, are called front planes. A horizontal trace of a
front plane is parallel to axis X, (fig.47).
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Planes that are parallel to I1; are called profile planes (fig.48).

Puc. 48.
Fig.48

We offer you yourself to construct projections of the front projecting and the
profile projecting planes that are specified by any method.

A trace of level planes as the traces of the projecting planes are characterized
by the collecting property.

4.3. A general position plane
A general position plane is a plane that is neither parallel, nor perpendicular
to any of the projection planes (fig.39-44).
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4.4. A point and a straight line on a plane

A straight line belongs to a plane, if it has two common points with it
(fig.49).

A point belongs to a plane, if it lies on a straight line, which belongs to the
given plane (fig.49).

M-

X12

=

Fig.49

A straight line belongs to a plane, which is specified by mNn, because it has
two common points land 2 with it.

Point M belongs to plane mNn, because it lies on straight line /, which
belongs to the given plane.

4.5. A parallel position of a straight line and a plane

A straight line is parallel to a plane, if this straight line is parallel at least to
one straight line that belongs to the given plane.

Problem. Draw a straight line through point A that is parallel to the specified
plane (fig.50).
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Solving. We draw any straight line / that belongs to plane (a || b) in a plane
that is specified by two parallel straight lines (a || b). Next we construct straight line
c. It goes through point A and it is parallel to straight line d, and thus, to plane

(m" n).

4.6. Special lines of a plane

A horizontal line, a front line and a line of the largest inclination belong to
special lines of a plane.

Straight line /; that belongs to the given plane and is parallel to horizontal
projection plane I, is a horizontal line of a plane.

Straight line f; that also belongs to the given plane and is parallel to front
projection plane I, is a front line of a plane (fig.51).
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Straight line 4, is a front projection of a horizontal line; straight line /; is a
horizontal projection of a horizontal line. Straight line f> is a front projection of a
front line; straight line f; is a horizontal projection of a front line.

A straight line that belongs to the given plane and is perpendicular to its
trace is called a line of the largest inclination of a plane.

A line of the largest inclination in relation to IT; is called a line of the largest
slope. It is perpendicular to a horizontal trace of the given plane or to its horizontal
line. An angle of the inclination line of the largest slope to II; is an angle of
inclination of the given plane to II;.

A line of the largest inclination in relation to I, is perpendicular to a front
trace of the plane or to its front line. An angle between the line of the largest
inclination and I, is an angle of inclination of the given plane to IL,.

Problem. Determine an angle of inclination of the given plane to I1; (fig.52).
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Solving. To solve this problem, it is necessary to construct in the specified
plane the projections of lines of the largest inclination to II; and to determine an
angle of its inclination to II;.

1. We draw horizontal line / in plane ABC.

2. Then we put down a perpendicular to 4; on a horizontal projection. It is
more convenient to draw it from point B;. Line BK is a line of the largest
inclination to IT;.

3. To determine angle o we use a right-angled triangle method.

To determine angle B of inclination of the given plane to II,, it is necessary
to construct a line of the largest inclination to I1,.

Questions to unit “A plane. Methods of its depicting”

1. Which methods can one use to depict a plane in space?

. How can a plane be located in space?

. Which planes are called projecting planes?

. Which plane is called a general position plane?

. Formulate a definition of a point that belongs to a plane.

. Formulate a definition of a straight line that belongs to a plane.

. Which lines are called special lines of a plane?

. How can one construct a line of the largest inclination of a plane?

01N DN bW

Unit 5. MUTUAL POSITION OF TWO PLANES

Planes can have the following positions in relation to each other:
1) planes are parallel to each other;
2) planes intersect;
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3) planes are mutually perpendicular.

5.1. A parallel position of two planes
Two planes are parallel, if two intersecting straight lines of one plane are
parallel to two intersecting straight lines of another plane (fig.53).
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5.2. Intersection of two planes

Problem 1. Two planes intersect in a straight line, the position of which is
specified by two points.

It is necessary to find two points that are common for both planes and to
connect them.

A. Two planes are projecting ones (fig.54).

m, -~

B>

X 12—

Fig.54



34

Two front projecting planes intersect in this problem. Their intersection line
is a front projecting straight line.

So, if two projecting planes of the same name intersect, then an intersection
line is a projecting straight line. In this case to construct an intersection line, it is
enough to determine the position of one point and to know the direction of an
intersection line.

B. One plane is a projecting one, another plane is a general position plane
(fig.55).

One plane is specified by triangle ABC, another one — by horizontal
projecting plane a in this problem.

A horizontal projection of intersection line (1-2) coincides with horizontal
trace a; and belongs to triangle ABC. Then we find a front projection of
intersection line (1-2).

Therefore, if one of the planes which is intersecting is also a projecting one,
a projection of an intersection line of the planes coincides with a projection of a
projecting plane. The only one thing that is left to do is to construct another
projection of a straight line of intersection.
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C. Two general position planes (fig.56).

The intersection line is determined by a method of auxiliary sections which
are drawn with the help of the level planes or projecting planes.

Solving. 1. We intersect both general position planes by auxiliary horizontal
plane a.

2. We construct intersection line (1-2) of plane a and plane (m || n).

3. Then we construct intersection line (3—4) of plane a and plane ABC.

4. On the extension of horizontal projections of intersection lines we mark
point K, that is a horizontal projection of the point which belongs to three planes at
the same time. We find a front projection of point K.

5. We intersect both general position planes by auxiliary plane  and find
another intersection line point — point L.

6. Having connected points K and L, we shall get projections of intersection
line KL.
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Problem 2. Construct projections of the intersection lines of two general
position planes that are specified by traces (fig.57).

Solving. 1f two planes are specified by traces, two common points which
belong to an intersection line will become intersection points of traces (points 1, 2).
Having connected the uninamed projections of these points, we shall get the
projections of the intersection lines of the given planes.
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5.3. Intersection of a straight line and a plane

To construct an intersection point of straight line / and a plane, it is
necessary to do the following steps:

1. To draw a plane, a projecting one is advisable, through straight line /.

2. To construct an intersection line of the given plane and a projecting plane.

3. To mark the searched intersection point of straight line / and a plane
where straight line / intersects the constructed line of two planes intersection.

In problems to search an intersection point of a straight line and a plane it is
necessary to determine visibility of a straight line in relation to the specified plane
by a method of competitive points.

Problem 1. Construct projections of an intersection point of straight line a
and plane ABC (fig.58).

Solving. 1. Through straight line @ we draw an auxiliary plane in a special
position. Plane a is a horizontal projecting plane in this problem.

2. We find projections of an intersection line of auxiliary plane o and a
specified plane (line 1-2).

3. We determine an intersection point of a straight line and a plane — point
K.

4. With the help of competitive points we determine visibility.
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Fig.58

Problem 2. Construct an intersection point of straight line a and a plane
(fig.59).

Solving. 1. We include a specified straight line in a front projecting plane.

2. We build an intersection line of a specified plane and a front projecting
plane.

3. Then we mark intersection point K, where the constructed intersection
line intersects the straight line.

4. By a method of competitive points we determine visibility of the straight
line in relation to the specified plane.
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5.4. Perpendicularity of a straight line and a plane

A straight line is perpendicular to a plane, if it is perpendicular to two
straight lines in a plane that intersect each other.

Two straight lines that intersect will be a horizontal and a front line of a
plane.

Problem. From point A draw a perpendicular to a plane that is specified by
triangle BCD (fig.60).
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Fig.60

To solve the problem, we draw projections of horizontal line DE and front
line DF in a plane. According to the property of a right angle projection we draw a
front projection of a perpendicular from point A at a right angle to D,F, and a
horizontal projection — from point A, at a right angle to D;E].

5.5. Mutually perpendicular planes

Planes are mutually perpendicular, if one of them goes through a
perpendicular to another plane.

Problem. Through point A draw projections of a plane that is perpendicular
to the specified plane (4xf) (fig.61).

Solving. From point A; we draw straight line n; athwart 4;. From point A,
we draw straight line n, athwart f5. We construct projections of straight line m at
random. This way we specify a perpendicular plane by two straight lines that
intersect (nxm).

Fig.61

Questions to unit “Mutual position of two planes”

1. Formulate a definition of a parallel position of two planes.

2. How does one construct an intersection line of two planes, if one of them
is a projecting one?

3. How should one construct an intersection line of two planes, if both of
them are general position planes?

4. How can one draw a projecting plane through a straight line?

5. Formulate a rule to find an intersection point of a straight line and a
plane?

6. How does one determine visibility of a straight line in relation to a
projecting plane?

7. What is the indication of perpendicularity of a straight line to a plane?
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8. What is the indication of perpendicularity of two planes?
Unit 6. A PROJECTION PLANE REPLACEMENT METHOD

The essence of a projection plane replacement method is that a position of
the depicted points, lines, plane figures in space remains constant, and the system
of planes IT;, I, is supplemented by new planes that make up from I, and II; or
with each other the systems of two mutually perpendicular planes which are
considered to be projection planes.

Every new system of projection planes is selected to get a position that is the
most convenient to make the necessary construction.

The use of a projection plane replacement method for solving different
problems is based on four main problems.

Problem 1. Make straight line / of a general position a level line in a new
system of projection planes.

We will specify on a graphic straight line / of a general position by segment
AB (fig.62). Using the possibility to choose the position of a projection axis — “a
base of counting the distances”, one can draw on a complex graphic this axis (X,)
through point A, that has the smallest height.

Fig.62 shows that straight line a is not a level line, because none of its
projections is parallel to axis X;,. That is why to make straight line a a level line,
for example a front line, in relation to a new projection plane parallel to a, we draw
horizontal projecting plane I, and we move from system (II,1IL) to system
(I, L1L). A new projection axis should be parallel to a;.

To construct a new front projection of straight line @ we draw new link lines
athwart X4, and mark new projection points A and B on them, point A4 — on axis
X4 and point B4 on the height 4. Having connected the found points, we shall get a
new projection of straight line a, (A4B4).

Therefore, straight line a in a new system of projection planes (IT,11L) is a
front level line, as a; || X4, SO a; || I14. That is why segment A4B, is equal to natural
segment AB.
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Fig.62

Thus, after replacement of plane I, by plane Il the following things have
been reached:

1. Straight line a (a;, a;) became a level line;

2. Segment A4B,is equal to natural segment AB;

3. Angle a that has been made up by a projection of A4B,4 and axis X4 is
equal to a natural size of an angle of straight line a (AB) to horizontal projection
plane II;.

Problem 2. Make straight line / of a general position in a new projection
plane system a projecting one.

We have already examined the transformation of a general position straight
line into a level line with the help of a projection plane replacement method
(fig.63).

To transform straight line / (AB) to a projecting line, it is necessary to
replace one more projection plane, if we move from system (IT,-LTI;) to system
(TL,LT15).

We draw new projection plane Ils athwart projection plane I, and besides,
athwart straight line AB || [14, so that straight line AB will become a projecting line
(IIsLAB).

It is necessary to draw a new projection axis on a graphic (fig.62) athwart
A4B4 (XJ—A4B4). So, link lines A4As and B4Bs will coincide with straight line A4B4
in this case. Putting segment m on the link line from new axis X5, we’ll get a
projection of a specified straight line onto plane I15 as point /5=As=B:s.

Therefore, after we do another projection plane replacement, we’ll move to
system (I1,;LT15). Straight line AB becomes a projecting line in relation to plane ITs
as one point As=Bs.

Problem 3. Make plane o (ABC) of a general position a projecting one with
the help of a projecting plane replacement method.
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To make plane a (DEF) a projecting one, we replace plane I, by new
projection plane Iy, drawing the latter one athwart o (DEF) (fig.63).

Fig.63

To do this we draw horizontal line % in plane o (DEF). We specify new
projection plane Il; athwart this horizontal line, so athwart projection plane II;.
Then horizontal line / and plane o (DEF) will become projecting in relation to Ilj.

To make the replacement on a complex graphic we draw new axis X4
athwart a horizontal projection of horizontal line 4; (X424;). From each point (Dj,
Ei, F;) we draw link lines onto Il4 athwart X;4. On these lines we put coordinates
of points, which we take from I, Then we have new projections of points Dy, Eq4,
F4, that are located on one straight line — new projection of plane a (DEF).

So, replacing plane I, by plane Iy, we reach the following things:

1. Plane DEF has become a projecting one;

2. Angle a, made by projection D4E4F, and axis X4 is equal to a natural size
of an inclination angle of the specified plane to horizontal projection plane IT;.

Problem 4. Make plane o (ABC) of a general position a level plane by a
projection plane replacement method.

We have already examined the transformation of a general position plane
into a projecting plane by a projection plane replacement method (fig.63).

To transform plane a (ABC) into a level plane from projection system
(I, LT1L), it is necessary to move to new system (ILTIs), i.e. additionally to
replace plane II; by new plane Ils || o (ABC). In order to do it, we draw new axis
X45 which is parallel to a4 (A4, B4, C4) on any distance from the latter one. From
each point A, B, C we draw link lines onto IIs athwart X4s. From axis X45 we put
coordinates of the corresponding points from I1; to axis X4 on link lines. Thus, we
will have projections of points As, Bs, Cs on Ils. Having connected them, we make
up a new projection of triangle ABC on IIs (fig.63).

So, replacing both projection planes gradually, we shall reach the following
things:
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1. Plane ABC has become a level plane in relation to projection plane I1,;
2. Projection (AsBsCs) is equal to a natural size of triangle ABC.

6.1. Examples of solving some problems due to a projection plane
replacement method

Problem 1. Determine the distance from point A to plane a. On fig.64 plane
o of a general position is specified by traces.

Solving. We draw an additional projection plane athwart trace k, i.e. to an
intersection line of the given plane and II;. So, plane Il; will be perpendicular to
IT; and to the specified plane a. To get a trace of plane a on I, we choose arbitrary
point 1, on trace [, and we transfer it onto Il;. Having connected a point of traces
superposition and point 14, we shall get a trace of plane a which is perpendicular to
I1,.

Then we put a segment on a link line from point M; on Il from axis Xi4.
The segment should be equal to a segment from point M, to axis X;, and we shall
get point My. The searched distance from point M to plane a is determined by a
perpendicular which is drawn from point M4 onto a trace of plane a.

Fig.64

Problem 2. Determine the shortest distance between two crosslying straight
lines (fig.65).

In the construction that fig.65 shows one of the crosslying straight lines
(AB) is projected into a point onto additional projection plane Ils. The construction
has been made according to the following plan:

a) we move from system HlJ—Hz to system HlJ—H4, where I1;s |AB;

b) we move from system HlJ—H4 to system H4J—H5, where I1s—AB;
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c) having got on projection plane Il5; a projection of straight line AB as a
point a projection of another straight line CsDs, we will find the searched distance
between two crosslying straight lines AB and CD.

Fig.65

Questions to unit “A projection plane replacement method”

1. What is the essence of a projection plane replacement method?

2. Which condition should you follow while constructing a new projection
plane?

3. How are projecting rays directed in relation to a new projection plane?

4. From which projection plane are the distances measured while moving to
a new projection plane?

5. Describe the sequence of drawing new projection planes to determine a
natural size of a straight line segment of a general position.

6. How should one make a general position segment a projecting one with
the help of a projection plane replacement method?

8. Determine on your own the distance between a point and a general
position segment by a projection plane replacement method.

Unit 7. A METHOD OF ROTATION AROUND THE AXIS,
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PERPENDICULAR TO A PROJECTION PLANE

While rotating around some fixed straight line (rotation axis), each point of
rotating figure moves in a plane that is perpendicular to a rotation axis (a rotaion
plane). The point moves in a circle, the centre of which lies in an intersection point
of the axis and the rotation plane (rotation centre) and the circle radius is equal to
the distance from the rotation point to the centre (rotation radius). Let point A
rotate around axis i that is perpendicular to IT; (fig.66a). We draw plane a through
point A that is perpendicular to rotation axis i and that is parallel to plane II;.
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While rotating point A depicts in plane a a circle of radius R that is equal to
the perpendicular length from point A to the axis. The circle depicted in space by
point A of radius R=1;A; 1s projected onto plane I1; without deformation; on plane
I1, this circle is depicted by a straight line segment, the length of which is equal to
2R.

Fig.66b shows rotation of point A around axis 1 that is perpendicular to IL,.
The circle which is depicted by point A is projected without deformation onto
plane II,. A circle of radius R=1,A, is drawn from point i, as from the centre; on
plane II; this circle is depicted by a straight line segment, the length of which is
equal to 2R.

Problem. Make straight line AB of a general position a horizontal projecting
one by gradual rotation around the axes that are perpendicular to the projection
planes (fig.67).
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Solving. We draw rotation axes so, that they intersect straight line AB. Due
to it the construction is simplified, as a straight line point which lies on axis will be
constant, and that is why to determine the rotated position of a straight line we
should rotate its only one point.

At first we rotate straight line AB around a vertical axis to a front line
position. To do this, it is enough to rotate point B; around centre 1; to the position
of B, so to make rotated projection A;B; perpendicular to link line A;A;, and then
to find a front projection B, of point B. We connect points A, and B,. Straight line
AB has become parallel to plane II,, so segment A;B; is equal to a natural size of
segment AB, angle a is equal to an inclination angle of straight line AB to plane
IT;. By the second rotation around axis O which is perpendicular to Il, we put
straight line AB into position A;B, athwart plane Il;. A horizontal projection of
straight line AB is projected into a point on II; (A;=B)).

Questions to unit “A method of rotation around the axis, perpendicular to
a projection plane”

1. What is the essence of a method of rotation around the axis, perpendicular
to a projection plane?

2. Which one of the projections doesn’t change its size while rotating?

3. How do the points move on the opposite plane?

4. Determine on your own a natural size of a general position segment by a
rotation method.

Unit 8. A PLANAR MOVEMENT METHOD
(A ROTATION AXIS IS NOT MENTIONED)
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The essence of this method is that projection planes remain constant and
figures (a point, a line, a plane) in space are moved into a desirable position.
Herewith, one of the projections of the specified figure doesn’t change its shape
and size while being moved into the necessary position. A rotation axis is not
mentioned.

The use of a planar movement method is based on solving of four main
problems.

Problem 1. Move segment AB of a straight line of a general position so, that
it becomes parallel to plane I, (fig.68).
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Solving. We take horizontal projection A;B; and move it parallel to axis X,
which corresponds to the parallel position of the segment itself to I1,. Herewith,
A1B1=A1B1.

To get a front projection of points A and B, we draw link lines athwart axis
Xi; and from projections of points A;B; — link lines parallel to axis X;,. At the
intersection of these link lines we will get projections of points A;B,, i.e. a natural
size of straight line AB. Here we can mark inclination angle a of this straight line
to horizontal projection plane IT;.

Problem 2. Move segment AB-LTT;.

Solving. First we solve problem 1. Then we place projection AszJ—Xlz,

taking into consideration that A,B,- A,B (fig. 68). At the intersection of the link
lines from A,B, athwart axis X, and from A;B; parallel to axis X, we shall get
A=By, i.e. segment ABJ—Hl.

By the first movement a point projection has the same mark with one line
above a letter, by the second movement — two lines above a letter. The
constructions that are made correspond to rotations around the axes that are
perpendicular to the projection planes, but these axes are not shown.

Problem 3. Move a general position plane that is specified by triangle ABC
into a front projecting position (fig.69).
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Solving. We should take a horizontal line (4,4;) in a plane of triangle ABC
and move it into a position athwart I1,. Then a triangle itself, which this horizontal
line belongs to, will become perpendicular to Il,. As we make the construction
without mentioning the rotation axes, we place projection A;B,C; at random, but
so that a horizontal line will become perpendicular to X;,. We mark A; and |, on a
horizontal line, keeping distance A;l;. We get a new position of points B; and C,
with the help of the compasses by putting marks. Herewith, a horizontal projection

of a triangle keeps its shape and size (A B,C,;= A B;C,), only its position
changes. At the intersection of the link lines from points A, By, C; athwart axis X
and link lines from points A,, B,, C, parallel to axis X we shall get a front
projection of a triangle in a shape of a straight line, i.e. of a front projection
position (A2B2C2J— I1;). We can also mark angle a here — an inclination angle of
this plane to a horizontal projection plane.

Problem 4. Move a general position plane specified by triangle ABC into a
position that is parallel to a horizontal projection plane (fig.69).
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Solving. To get such a triangle position we should first solve problem 3.
Then we move a front projection of a triangle in a shape of straight line A,B,C,
along axis X and parallel to it, so that projection A,;B,C, keeps its shape and size
that have been got while solving problem 3(A,B,C,= A,B,C,). We get a
horizontal projection of a triangle at the intersection of the link lines from A,, B,,
C, athwart axis X. Projection A;B,C; gives a natural size of triangle ABC.
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Due to a planar movement method one determines a distance from a point to
a plane, specified by different methods; a distance between two parallel and
crosslying straight lines etc.

Let’s examine a problem to determine a two-facet angle with edge AD
(fig.70).
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The basis of this problem is formed by problems 1 and 2, i.e. a two-facet
angle with edge AD is projected into a natural size, if edge AD is projected into a
point and the side facets — into the straight lines.

We move a horizontal projection of a figure along the axis so, that edge AD
becomes parallel to axis X and so, that A|D;= A D .

We transfer points B and C with the help of the compasses by putting marks.
The moved figure should not change the shape and the size of the specified one.

We shall get a front projection of the two-facet angle at the intersection of
the link lines, the directions of which are pointed by arrows.

By the second movement we move a front projection of the two-facet angle
so, that AD becomes perpendicular to axis X. Then we move points B, and C, with
the help of the compasses by putting marks. We get a horizontal projection of an
angle with the help of the link lines. Points A and D coincide into one point and
facets ADB and ADC — into straight lines. Angle o determines a natural size of an
angle with edge AD.

Questions to unit “A planar movement method”
1. What is the essence of a planar movement method?
2. What main problems can be solved with the help of this method?
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3. In what sequence is the movement made while determining a natural size
of a general position triangle?

4. How can one find a natural size of a two-facet angle with the help of a
planar movement method?

Unit 9. A METHOD OF ROTATION AROUND THE AXIS,
PARALLEL TO A PROJECTION PLANE

Fig.71 shows a segment of straight line AB of a general position. We will
draw straight line i parallel to plane II; that intersects segment AB in point K.
Taking straight line i for a rotation axis, we shall rotate segment AB around it so,
that it becomes parallel to II;. In a rotated position of segment AB its front
projection A;B, coincides with front projection i, of rotation axis i, and horizontal
projection A;B; will determine a natural size of segment AB.
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One should make the construction of horizontal projection A;B; of a
segment of a rotated position the following way. While rotating around axis i,
points A and B will move in horizontal projecting planes o and [ that are
perpendicular to rotation axis i. Therefore, projections A; and B, of the ends of
segment AB in its new position AB will lie on the traces according to a; and 3; of
these planes. A rotation radius of points A and B is projected onto plane II; by a
horizontal position of segment AB into its natural size. With the help of a right-
angled triangle we find a natural size of radius r, of point A and put r, from point
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C, (a rotation centre of point A) on trace a,;. Having connected obtained point A,
with projection K; of constant point K of the intersection of axis i and straight line
AB, we shall find a horizontal projection of straight line AB after rotation of AB
around axis i. At the intersection of projection A;K; and trace B; we have
horizontal projection B, of point B. Projection A;B; is equal to a natural size of
segment AB.

Fig.72 shows the construction of a natural size of a plane figure with the
help of a method of rotation around the axis, parallel to a projection plane.
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With the help of this method triangle ABC is put into the position that is
parallel to plane IT;, after that it will be projected into its natural size onto plane II;.
Front projection A,;B,C, of triangle ABC after rotation around axis i has coincided
with a front projection of axis i,. To construct triangle A;B;C; we put down a
perpendicular from B, onto projection i; of rotation axis i. With the help of a right-
angled triangle we find a natural size of radius ry, of rotation of point B and move it
onto the drawn perpendicular (the trace of plane a). Point By' is a projection of
vertex B of the given triangle in its position that is parallel to plane IT;.

Having drawn a straight line through points B;' and K, to the intersection
with a perpendicular that is put down from C,; onto i; (by trace of plane ), we shall
find point C; that will be a horizontal projection of vertex C of triangle ABC in its
position that is parallel to plane II;. Vertex A of the triangle is constant as a point
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that lies on the rotation axis. Having connected its projection A; and projections
B,' and C;' by the straight lines, we shall find horizontal projection A;B;C; of
triangle ABC that is parallel to plane I1;, i.e. we shall find a natural size of triangle
ABC.

Questions to unit “A method of rotation around the axis, parallel to a
projection plane”

1. What is the essence of a method of rotation around the axis, parallel to a
projection plane?

2. How does one change a position of a point projection by rotation around
the axis that is parallel to plane I1;?

3. How can one find a natural size of a triangle of a general position with the
help of the given method?

Unit 10. CURVES

It is important to examine curves as generating lines of curved surfaces in
descriptive geometry. A curve can be made up by the movement of a point in
space, by the intersection of curved surfaces and a plane, by the mutual intersection
of two planes. There are plane and space curves.

Plane curves are curves, all the points of which lie in one plane. Space
curves are curves, all the points of which don’t belong to one plane.

Questions to unit “Curves”
1. How are curves made up?
2. Which curves are called plane curves?
3. Which curves are called space curves?

Unit 11. SURFACES. CLASSIFICATION OF SURFACES

A surface is a geometric place of the consistent positions of lines (generating
lines), that are moved in space according to a certain law (a guiding line).

Such an image of the surface is kinematic. A surface that is constructed due
a law of the generating lines movement is called a logical surface, unlike an
accidental surface.

On any kinematic surface there are two families of lines: generating lines
and guiding lines that can exchange their roles. Therefore, one surface can be made
up by the movement of different lines. If a generating line of a surface is a straight
line, a surface is called a rectilinear surface. If a generating line of a surface is a
curve, a surface is called a curvilinear surface.

Surfaces that can exactly coincide with the graphic plane without folds and
breaks are called unfolded surfaces.
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The unfolded surfaces can only be those surfaces, on which two infinitely
close positions of the generating lines are either parallel to each other, or they
intersect. A cylinder, a cone and a torso belong to the unfolded surfaces. The rest
of the surfaces are the folded surfaces. Fig.73 shows classification of surfaces.
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11.1. A surface determinant

The set of the basic parameters of a surface is called a surface determinant.
A surface determinant consists of two parts. The first part is a geometric part of a
determinant (GPD). This is a list of all the geometric elements that take part in the
construction of the given surface.

The second part is an algorithmic part of a determinant (APD), i.e. an
algorithm of the surface formation from the geometric elements that are included
to the composition of a determinant.

We mark a surface determinant with a letter @. Let us write down a
determinant of a cylindrical surface:

GPD @ (a; &; s5) —

APD lix 4 li;|s,
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where a4 is a guiding curved line; / is a generating line; § is a specified
direction.

APD shows that any generating line of a cylinder (in any position) should
intersect a guiding curved line & and it remains parallel to the specified direction S§.

11.2. A cylindrical surface
By construction of a cylindrical surface a generating line / in any position
should intersect a guiding line & and should be parallel to the specified direction

M

X2,

Fig.74

A projection of a point that belongs to the surface lies on a projection of a
generating line /. Fig. 74 shows that a projection of point A lies on a projection of
generating line /"""

11.3. A conic surface
Each surface is constructed by the movement of generating line / that goes
through one constant point § — a vertex of a cone (fig.75).
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11.4. A surface with a curved edge (a torso)
A curved edge can be any guiding curve, if it is spatial. A torso surface is

constructed, when in any point of this guiding line a straight line (a generating line)
will be tangent (fig.76).

Fig.76

11.5. Rectilinear folded surfaces (with a plane of parallelism or Catalan
surface)
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These are the surfaces, in composition of which two guiding lines and a
plane take part, and a generating line of a surface in any position is parallel to the
plane. Such a plane is called a plane of parallelism. A plane of parallelism can be
any plane in the system of projection planes or it can be a projection plane itself.

A Belgian scientist Catalan did a research concerning the surfaces with a
plane of parallelism, that is why these surfaces are called the surfaces with a plane
of parallelism or Catalan surfaces. Such surfaces include a cylindroid, a conoid, an
oblique plane (a hyperbolic paraboloid).

A surface that has two guiding lines that are curves and a plane of
parallelism is called a cylindroid (fig.77).

<<

Fig.77

A surface that has one guiding line which is a straight line and another
guiding line which is a curve and a plane of parallelism is called a conoid (fig.78).



57

Fig.78

A surface that has two guiding lines which are the straight lines and a plane
of parallelism is called an oblique plane or a hyperbolic paraboloid (fig.79).
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11.6. Rectilinear surfaces of rotation
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A rectilinear surface of rotation is a surface that is made up by rotation of a
generating line (a straight line) around a constant axis.

Let us study three cases:

1. Generating line / and axis i intersect — that is a circular cone (fig.80).

2. Generating line / is parallel to a rotation axis — that is a circular cylinder
(fig.81).

1%
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Fig.80 Fig.81

3. Generating line [ is crosslying to rotation axis i — that is a hyperboloid of
rotation of one sheet (fig.82).
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11.7. Curvilinear surfaces of rotation

These are the surfaces which are made up by rotation of a generating line (a
curve) around a constant axis. A generating curved line can be both a plane curve
and a space curve (fig.84).
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By rotation of a generating line each point on this line describes a circle with
a centre on rotation axis i. These circles are called parallels.

A parallel, a diameter of which is bigger than a diameter of other parallels is
called an equator. A parallel, a diameter of which is smaller than the diameters of
other parallels is called a neck.

In a general case a surface of rotation can have several equators and necks.
Planes a that go through a rotation axis are called meridional planes and lines, on
which they intersect a surface are called meridians.

Meridional surface a that is parallel to a projection plane is called a main
meridional plane and its intersection line with a surface of rotation is called a main
meridian.

The projections of a surface of rotation and the construction of a point
projection on this surface is shown on fig.84.
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Let’s examine some surfaces of rotation:

1. A sphere.

A sphere surface is made up by rotation of a circle around its diameter
(fig.85).
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Fig.85

2. A torus.

A torus surface is made up by rotation of a generating circle around axis i
(fig.86). There are two types of a torus that are known:

a) an open torus, when a generating circle doesn’t intersect a rotation axis;

b) a closed torus, when a generating circle intersects a rotation axis.
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Fig.86

3. An ellipsoid of rotation.
A surface of an ellipsoid of rotation is made up by rotation of an ellipse
around its axis (fig.87).

Fig.87

4. A paraboloid of rotation.
A surface of a paraboloid of rotation is made up by rotation of a parabola
around its axis (fig.88).
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5. A hyperboloid of rotation.

A hyperboloid of rotation of one sheet is made up by rotation of a hyperbola
around its imaginary axis (fig.89). A hyperboloid of rotation of two sheets is made
up by rotation of a hyperbola around its real axis (fig.90).
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11.8. Circular surfaces
Circular surfaces are the surfaces that are made up by the movement of a
circle of a constant or a variable radius along the guiding line that goes through the

circle centre (fig.91).

Fig.91

Circular surfaces include the channel surfaces and the tubular surfaces. The
channel surface is made up by the movement of a circle of a variable radius along
the guiding curved line, herewith, an area of a circle in any position is
perpendicular to a guiding line.

The tubular surface differs from the channel surface by the fact, that a radius
of a generating circle or of a generating sphere is constant (fig.91).
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11.9. Moving surfaces

A moving surface is made up by a continuous progressive movement of a
generating curved line, which remains parallel to the initial position in every new
position (fig.92).

Fig.92

A moving surface is specified by a start position of generating line ABC and
by the direction of movement on fig.92. Curves of ABC, A|B,C, ... are a number
of positions of a generating line and they determine a mesh of a moving surface.

11.10. Helix surfaces

A surface is called a helix surface, if it is formed by a helix movement of a
generating line.

A helix movement is characterized by rotation around the axis and at the
same time by motion that is parallel to this axis.

If a generating line is a straight line in a helix surface, a surface is called a
helicoid. Depending on an angle of inclination of a generating line to a helix axis, a
helicoid is called a right one, if this angle is equal to 90° and an oblique one, if this

angle is not equal to 90°. In their turn, the right and oblique helicoids are divided

into the closed and open helicoids.

They are called the closed helicoids when a generating line intersects an axis
of a helix surface. They are called the open helicoids when a generating line and an
axis of a helix surface are crosslying.

The right, oblique, closed and open helicoids can be the ring helicoids, if a
coaxial cylinder intersects this helix surface.

Fig.93 shows the projections of a closed right helicoid.
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Questions to unit “Surfaces. Classification of surfaces”

1. What is called a surface?

2. Which surfaces are called the logical surfaces? Give your examples.

3. Which surfaces are called the rectilinear surfaces? Give your examples.
4. Which surfaces are called the curvilinear surfaces? Give your examples.
5. Which surfaces are called the unfolded surfaces? Give your examples.
6. What is called a surface determinant? What parts does it consist of?

7. What is called a curved edge?

8. Which plane is called a plane of parallelism?

9. Name the surfaces that have a plane of parallelism.

10. Which surfaces are called the helix surfaces?

Unit 12. INTERSECTION OF THE EDGED AND CURVED
SURFACES AND A PLANE. EVOLVENT.
DETERMINATION OF A NATURAL SIZE OF A SECTION

At the intersection of the surfaces and a plane we shall get a plane figure that
is called a section and it belongs to an intersecting plane. They usually start to
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determine a projection of a section line with the construction of the anchor points —
the points that lie on the extreme contour generating lines of the surface, the
highest and the lowest points of the figure, points that determine the visibility
limit. After that they determine the arbitrary points of a section figure.

12.1. Construction of a surface section by a projecting plane. A natural

size of a section. Evolvent
Problem. Construct an intersection line of a sphere and a front projecting

plane a (fig.94).
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A plane intersects a sphere in circle. We have already a front projection of
this circle as a projection that coincides with the projection of an intersecting
plane. Now we have to construct a horizontal projection. This will be an ellipse. At
first we construct the projections of anchor points. The highest point of a section
figure is point A (A, A;), the lowest point is point B (B, B;). On the equator L
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(L;, L,) of a sphere we mark points M (M;, M;) and N (N;, N,) which are the
visibility points. These points divide a horizontal projection of a curve into two
parts — a visible one and an invisible one. We find the axes of the ellipse, in which
a circle of this section is projected onto plane IT;. A small axis A;B; of the ellipse
coincides with a horizontal projection of the main meridian of a sphere.

Projection E;D, of a big axis of the ellipse of a section onto plane II, is a
point that lies in the middle of segment A,B,. We draw auxiliary horizontal plane 3
so, that its front trace 3, goes through point E,=D,. This plane intersects the sphere
in circle of radius r. From point C; as from a centre we draw a circle of radius r,
which intersects a link line, drawn through points E,D, in points E; and D;.
Segment E|D; is a big axis of the ellipse. Other section points can be constructed
with the help of the auxiliary horizontal planes. Thus, with the help of plane y we
shall find points K (K, K;) and L (L, L,).
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12.2. Conic sections

One can get the following lines on the surface of a right circular cone at the
intersection by a plane:

1) two generating lines, if an intersecting plane goes through a cone vertex
(fig.95, plane a);

2) a circle, if an intersecting plane is perpendicular to a cone axis (fig.96,

plane B);
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3) a hyperbola, if an intersecting plane is parallel to two arbitrary generating
lines of a cone or if this plane is parallel to a cone axis (fig.97, plane a);

4) a parabola, if an intersecting plane is parallel to one of the generating
lines of a cone (fig.98, plane a);

5) an ellipse, if a plane intersects an axis and the generating lines of a cone
and if it is not perpendicular to a cone axis (fig.99, plane a).

Problem 1. Fig.97 shows a section of a cone by front plane a that doesn’t go
through a cone vertex. In this case on a lateral surface of a cone we shall get a
hyperbola that is projected onto plane II; into a straight line that is parallel to two
generating lines of a cone, and that is projected onto plane II, into its natural size.
Points K and L of a hyperbola, in which it intersects plane II; are determined by
the intersection of a circle of a cone base and a trace of intersecting plane a. Front
projections K; and L, of these points will lie on axis OX.
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To construct a front projection R, of anchor point R that is a hyperbola top,
we draw from point S; as from a centre a circle, the radius of which is equal to a
distance from point S; to trace a;. This circle is a horizontal projection of a cone
section by a horizontal plane that goes through point R.

To find a front projection of this circle we draw a link line through R; to the
intersection with a front projection of a right generating line of a cone in point R..
A straight line segment that is drawn through point R, parallel to axis OX is a
projection onto plane II, of an auxiliary circle of radius S{R;. Point R, is a middle
of this segment.

One can find the projections of other points (M, N, Q) onto plane II,, having
drawn several generating lines of a cone. Fig.97 shows that points M, N, Q that
belong to a hyperbola can be found with the help of the generating lines SA, SB
and SC of a cone. Having connected points K,, M,, N,, R,, Q,, C,, we shall get a
front projection of a hyperbola.
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Problem 2. Construct a projection of a surface section of a right circular
cone by front projecting plane a (fig.98).
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Solving. As plane o is parallel to one of the extreme generating lines of a
cone, we shall get a parabola in a section. A front projection of a parabola
coincides with a trace — projection a, of an intersecting plane.

To construct a horizontal projection of a parabola, we draw several auxiliary
horizontal planes (B, B', B"), each of them intersects a cone surface in circle and
plane o — in a straight line that is perpendicular to Il,. At the intersection of
horizontal projections of these straight lines and horizontal projections of the
corresponding circles we shall get points 2,, 2", 3;, 3", and 4,, 4. We get
horizontal projection 1; of a parabola top and also points 5, 5'; that lie both on a
parabola and on a circle of a cone base, having drawn a link line from points 1, and
5,. If we connect points 51— 1;— 5", with a smooth curve, we get a horizontal
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projection of a parabola. Hatching line 5; 5 is a horizontal projection of a straight
line, on which plane a intersects a plane of a cone base.

Problem 3. Construct projections of a surface section of a right circular cone
by front projecting plane a (fig.99).

Solving. As plane a is not perpendicular to a cone axis, we get an ellipse in
a section, a big axis AB of this ellipse is projected onto plane II, without
deformation (A;B;), and a small axis CD of the ellipse is projected onto plane II,
into a point C,D,, located in the middle of a segment (A;B,). A size of the small
axis (CD) is determined with a condition that CD € a (fig.99).

Through C,D, we draw a front projection of the parallel of surface 4. To
construct its horizontal projection from a horizontal projection of a focus of ellipse
S, we draw a circle of radius 1,2, and mark its intersection points C; and D; with a
perpendicular that is put down from point C,=D,.

We get arbitrary points MN and FE with the help of the parallels of the
surface according to A4’ and A"”. Having connected the obtained points in
consecutive order, we shall get a horizontal projection of a section — an ellipse.

The problem can also be solved with the help of the generating lines.

For this purpose we first draw front projections of the generating lines and
then — horizontal projections through the selected points (C,=D;; E;=F;; N,=M,)
on a front trace of plane a and cone vertex S;. On link lines we find horizontal
projections of these points on horizontal projections of the generating lines.

A natural size of a section figure can be found by a projection plane
replacement. We draw plane Il parallel to plane a, and replace I1; by Il;. From
points that lie on a section we draw link lines athwart X,4 and on them from axis
X4 we put a distance from these points to Il,. Then we connect the obtained points
with a smooth curve.

Evolvent of a surface of a right circular cone presents a circular sector, a
radius of which is equal to the length of /=1S of a generating conic surface and
central angle ¢ = (360%*r)/l, where r is a circle radius.
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To draw a section line on a lateral cone surface, we put the generating lines
(1 — 8) on the unfolded lateral cone surface, we determine and put the sizes of the
segments of these generating lines. Points A and B lie on the natural sizes of the
generating lines, that is why segments AS and BS are projected onto I, also into
their natural sizes and we put them without any change on the evolvent.

The length of the segments on other generating lines is determined by their
rotation to the position, that is parallel to I, (this construction is shown on
generating line 3S for point C).

We connect the obtained points on the generating lines with a smooth curve.
For the full evolvent of a cone we attach its base.

Problem 4. Construct a section of a right circular cylinder by general
position plane a (fig.101a).
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Solving. As plane a is neither parallel to a cylinder axis, nor perpendicular to
it, it will intersect a cylinder surface in an ellipse.

We draw front plane B through a cylinder axis. This plane intersects a
cylinder in its extreme generating lines and plane o in its front line. The
intersection of a front line and the extreme generating lines will determine two
anchor points A and B that lie on the visibility limit of an ellipse.

We can find the anchor points — the closest one C and the furthest one D
with the help of two front planes y and 6 that go through the generating lines of a
cylinder. These planes intersect plane a also in a front line and the intersection of
these front lines and the generating lines is given by the front projections of point
C and D.

The highest point E and the lowest point F of an ellipse of section can be
found with the help of horizontal projecting plane A that is drawn through a
cylinder axis athwart trace K.

Planes A and a intersect in line 1 — 2 of the largest inclination of plane o in
relation to II;. Plane A intersects a cylinder surface in generating lines 3 — 4 and
5 — 6. The intersection of straight line 1 — 2 and straight lines 3 — 4 and 5 — 6 gives
anchor points E and F.

Besides anchor points A, B, C, D, E, F we shall find points K and L. These
points are constructed with the help of horizontal plane ¢ that intersects a cylinder
surface in circle and plane a — in horizontal line 7 — 8. If we find K; and L, at the
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intersection of a horizontal projection of horizontal line 7; 8, and a circle, we can
find projections K; and L, on a trace of plane ¢ through the link lines.

We connect the obtained projections of the points on Il with a smooth
curve, taking into account the visibility.

The evolvent of a cylinder appears to be a right-angled rectangle, the length
of which is equal to the length of a circle of a cylinder base (/=2nR) and the height
is equal to the height of a cylinder (fig.101b).
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To put a section line on the evolvent, we should draw on it those generating
lines of a cylinder, on which the section points lie.

Their height must be taken from plane II,. The obtained points are to be
connected with a smooth curve. The upper and the lower cylinder bases should be
attached to the evolvent of the lateral surface.

Problem 5. Construct a section of a four-angled prism by a general position
plane (fig.102a).

Solving. We solve the problem by a projection plane replacement method.
We draw new plane Il athwart a horizontal projection of horizontal line (4;) of
plane (hxf).

We take two points P and F on a plane and move their coordinates from II,
to I14. Point F is chosen at random. Projecting plane (f;xh,) has been got. We also
move a prism onto Ily. To do it, we draw link lines athwart X4 from each point of
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a prism base (A;B,C,Dy) from II; to [14. A prism base lies on I1;, that is why all the
points of its base will lie on axis X;4. The prism height is transferred from II, to
I1,.

A distance of the intersection of each edge and an intersecting plane is
moved from I, to I1,, for example, B4B4'=B,B,'. The obtained front projections of
the intersection points of each edge and a plane are connected by straight lines,
taking into account the visibility.

We determine a natural size of a section by a planar movement method. For
this purpose we place a plane of section which is projected onto Il in a straight
line (B4, A4, D4, C4') parallel to axis X;4. From each point of section we draw
straight link lines athwart X4,. We shall get a natural size of a section figure at the
intersection of these lines and the link lines that are drawn from the horizontal
projections of the section points (A, By, C;, D) parallel to X4.

The evolvent of the prism presents a right-angled rectangle, the length of
which is equal to the sum of the prism base sides (AB+BC+CD+AD). Each side on
I1; is projected into its natural size, because the prism base lies on IT;.

The rectangle height is equal to the prism height. Each prism edge is a
horizontal projecting straight line which is projected onto II, into its natural size.
We attach the upper and the lower bases to the lateral surface. We put a section
line (A9 By Cy Dy Ap) onto the evolvent (distance A0A1=A2A1).



77

2
\ 5%
IAZ’”—_’\\
~
fiz \ S P2

}\/
|

fi=/u
B4
P
N\
\ y Lo
AN
Fig.102a

Problem 6. Construct a section of a triangular pyramid by a general position
plane (fig.103a).
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Fig.103a

Solving. We solve the problem by a projection plane replacement method in
the following succession:

1. We turn a plane that is specified by traces into a projecting one on Il4. For
this purpose we draw an auxiliary plane Il athwart horizontal trace »;. On front
trace /, we take an arbitrary point P and we move its coordinate along axis Z onto
I14. Having connected a point of intersection of horizontal trace b; and axis X4
with point P4, we shall get a projecting plane on I1,.

2. We construct a pyramid on Il;. From each point of a base and from a
vertex of a pyramid we draw link lines onto Il; athwart X,4. Pyramid base ABC
will be located on axis X4 and vertex S will lie on a distance that is equal to a
distance from point S to IT;.
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3. We project the obtained section points 14, 24, 34 onto the corresponding
edges through the link lines first onto II; and then onto Il,. Having connected the
corresponding projections of points 1, 2, 3 by straight lines, we shall get a
horizontal and a front projection of section. All the lines of section will be visible
on II;. As edge ABC is invisible on II,, then line 1, — 2, of section will also be
invisible.

4. We construct a natural view of section by a planar movement method. For
this purpose we move the section that is projected onto Il into a straight line
(142434) onto a free place parallel to axis X4 without change of a distance between
the points. At the intersection of the link lines from points 14, 24, 34 that are
perpendicular to axis X4 and the link lines from points 1, 2, 3 that are parallel to

axis X4 we shall get triangle 1¢2(3y, i.e. a natural size of section.
A
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5. To make the evolvent of a pyramid lateral surface (fig.103b) with sides of
triangular section that are drawn on its edges, we should find a natural size of each
lateral edge and a segment on it. On fig.103 it is made with the help of a method of
rotation around the axis, perpendicular to I1; that goes through point S. A pyramid
base lies on Iy, that is why sides AB, BC, AC have their natural size on II;. First,
we construct the evolvent of edge A¢SoBy according to three sides: A¢By=A;B; and
the lateral sides are equal to their natural sizes A¢S¢=A;S;, BoSo=B,S,. We
construct triangle AySoB, with the help of the compasses by putting marks. Then
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we attach another triangle to side BS, taking into account that two other sides have
the following sizes: side BC is equal to horizontal projection B,C, side SC is equal
to segment S,C,. We construct the third triangle the same way. As a result, we get
an unfolded lateral surface of a pyramid. To find point 1 of a section line on the
evolvent, it is necessary to transfer a front projection of point 1, on a front
projection (fig.103a) parallel to axis X, into a natural size of edge S;A,, and then
to put a distance from S, to the moved point 1, on the evolvent (fig.103b) on edge
SA — distance S. Similarly we find points 2 and 3 on the evolvent.

Problem 7. 1. Construct a triangular prism section by a general position
plane (mxn) (fig.104a). 2. Make the evolvent of a prism by putting a line of
section. 3. Find a natural size of a section.

Solving. 1. We find intersection points of prism edges A, B, C and plane
(mxn). Having connected intersection points A', B', C', we shall get the
projections of a section, taking into consideration the edges visibility.

2. In the given problem on fig.104b the prism evolvent has been made by a
method of a normal section.

To get the prism edges in their natural size, we draw an additional projection
plane I1, athwart I1; and parallel to the prism edges. Having replaced I1, by I14, we
get a prism on Iy, the edges of which have a natural size. We also project a section
figure A4, B4, C4 on them.

3. To get a normal section, we draw plane a athwart the prism edges. In
system I IT; plane o is perpendicular to plane I1, and that is why a projection of
a section figure on plane Iy lies on trace a4. The obtained intersection points K, M,
N of plane a and the edges on Il are projected onto the corresponding edges on
IT.

4. With the help of a planar movement method we find a natural size of a
normal section — triangle MoNKy.

5. On a free format field we draw a straight line and successively put
segments MoNy, NoKo, KoMy on it. From points My, Ny, Ky we draw perpendiculars
to straight line My — My (fig.104b). We put segments MoA=MsA4; MoQo=M4Qy4;
NoCo=N4Cy4; NoF=N4F, and others on them. Then we draw broken straight lines
AoCoBoAy and QoFoPoQo. We put a section line on the evolvent. Segments
AoAg=A4A,, CoCy=C4Cy4, etc. We connect points A, Cy, Byp with a broken line. To
the evolvent of a lateral surface of the prism we attach an upper and a lower bases
that are projected onto I1; into their natural size.
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6. We find a natural size of section A' B' C' by a method of rotation around
the axis, parallel to plane II;.

The evolvent of a prism in the problem on fig.104b can be done with the
help of unfolding (fig.105).
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Fig.105

Having constructed the prism projection on plane Il4, which is parallel to the
prism edges, we draw from points A4, B4, C4 the straight lines that are
perpendicular to A4Qq4, from point A4, we draw a radius arc that is equal to A,C;
and we shall get point C, at the intersection with a straight line, which is drawn
from C4. From point Cy we draw a radius arc which is equal to C;B;, and at the
intersection with a straight line that is drawn from point Bs we shall get point B,
etc. (AoBy=AB,). From points C,y, By, A9 we draw straight lines, parallel to AO to
the intersection with the corresponding straight lines, that are drawn from points
F4, Py, Qu.

On the evolvent we attach the prism bases and put the section line.

Questions to unit “Intersection of the edged and curved surfaces and a
plane”

1. What is called a section?

2. What is the succession of a section constructing of the edged body by a
projecting plane?

3. What is the succession of a section constructing of a surface of rotation by
a projecting plane?

4. Name five conic sections.

5. Which methods are used to construct the surface sections by the general
position planes?

6. What is called the evolvent of a surface?

7. Which methods are used to construct the evolvent of the surfaces?
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Unit 13. INTERSECTION OF A STRAIGHT LINE AND A SURFACE

To construct the projections of the intersection points of a straight line and a
surface, it is necessary:

1) to draw an auxiliary plane through the specified straight line;

2) to construct a line of intersection of the auxiliary plane and the specified
surface;

3) to mark the intersection points of a straight line and a surface;

4) to determine the visibility of a straight line in relation to a surface.

While choosing the auxiliary plane we should take into consideration that
this plane at the intersection with the surface should give such a line as a circle, a
triangle, a parallelogram, etc.

Problem 1. Construct the intersection points of straight line / and a cone
(fig.1006).

Solving. Through straight line / (fig.106a) we draw a horizontal plane that
makes up a circle on a cone surface by the section of a cone. We mark K; and L,
where a horizontal projection of a circle intersects /;.We construct K, and L, in a
projection link. We determine the visibility of straight line /.

We draw a front projecting plane through straight line / (fig.106b). The front
projecting plane goes through a vertex of a cone and makes up a triangle in a
section on a cone surface.
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Problem 2. Construct a line of the intersection of straight line / and a sphere.
(fig.107).

Solving. Through straight line / (fig.107) we draw a front plane, which
intersects a sphere and makes up a circle on a sphere surface.
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Problem 3. Construct a line of the intersection of straight line / and a torus
(fig.108).

Solving. Through straight line / we draw horizontal projecting plane a, we
construct a line of the intersection of plane a and a torus and find the intersection
points of straight line / and a torus. Then we determine the visibility.

Problem 4. Construct the points of the intersection of straight line / and a
cone (fig.109).

To solve this problem, we may draw through / an auxiliary plane of a special
position, which will make up a curve by the section of a cone. But the simplest
way to solve this problem is to draw an auxiliary plane of a general position
through straight line /. This plane must by all means go through a vertex of a cone,
making up a triangle on a cone surface by its section.

Solving. 1. Through vertex S of a cone we draw straight line m that
intersects straight line / in point A. We got a plane, specified by two straight lines
that intersect o (mx/).
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Fig.109

2. We construct a horizontal trace of an intersecting plane. For this purpose,
by two intersecting straight lines / and m we determine horizontal traces of straight
lines / and m and connect them (line M;N)).

3. Taking into account that a base of a cone and a horizontal trace of an
intersecting plane lie in II;, we mark the points of the intersection of an
intersecting plane trace and a cone base. Having connected these points with the
vertex of a cone, we shall get a section of a cone by an auxiliary plane — a triangle.

4. We mark the points of the intersection of straight line / and a section and
determine the visibility.

Problem 5. Construct the points of the intersection of straight line / of a
general position and a cylinder (fig.110).

Solving. In this problem we take a general position plane as an auxiliary
plane that is parallel to the generating lines of a cylinder. This plane is specified by
two straight lines /xm. A parallelogram is made up on the cylinder surface due to
the section of a cylinder by such a plane. We mark the points of the intersection of
straight line / and the cylinder and then we determine the visibility.

Questions to unit “Intersection of a straight line and a surface”

1. What is the succession of finding the points of the intersection of a
straight line and a surface?

2. Which planes are advisable to use to construct the points of the
intersection of a straight line and a surface?

3. What is the succession of constructing the points of the intersection of a
straight line of a general position and a cone?
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Fig. 110

Unit 14. INTERSECTION OF SURFACES

A line of the mutual intersection of two surfaces is the line which
simultaneously belongs to both surfaces that intersect. To construct such a line, it is
necessary to find several points that simultaneously belong to both surfaces.
Herewith, they use the auxiliary intersecting surfaces. Planes or spheres often serve
as the auxiliary surfaces. Depending on this there are two methods of constructing
the intersection lines of the surfaces — the intersecting planes and spheres.

14.1. A method of auxiliary intersecting planes

To construct an intersection line of two surfaces with the help of this
method, they use the auxiliary intersecting planes of a special position. Let us
study this method to solve a problem to construct a line of the intersection of a
cylinder and a hemisphere (fig.111).

We start solving the problem with the analysis of its conditions. As a
cylinder has a front projecting position, a line of the intersection is projected onto
I, onto a circle — a cylinder projection. The highest points are 1 and 2. To
construct the horizontal projections of points 3 and 4, we shall use horizontal
intersecting plane a. A section of this plane and a sphere makes a circle with radius
R;. A section of this plane and a cylinder makes a straight line. The place where
this straight line and circle R, intersect, is marked by points 3 and 4 that are
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common for the sphere, the intersecting plane and the cylinder, i.e. these points
belong to the line of the intersection of the sphere and the cylinder. Points 5 — 8 lie
on the visibility limit for the cylinder. For their construction we use intersecting
plane B that in a section with the sphere makes a circle with radius R, and with the
cylinder — a rectangle. Similarly, with the help of intersecting plane y we find
projections of intermediate points 9 — 12.

The obtained points are connected with a smooth curve, taking into account
their visibility. The intersecting planes method can also be used while constructing
the intersection lines of a surface of rotation and the sided surfaces.
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14.2. A method of spheres
Before we examine the construction of the line of two surfaces with the help
of spheres, we should first study the coaxial surfaces (fig.112).
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Fig.112

The surfaces of rotation are called the coaxial surfaces, if they have a
common axis of rotation. If a sphere centre lies on an axis of rotation of any
surface, such a pair of surfaces is also called coaxial. Two coaxial surfaces always
intersect in a circle (fig.112-114). If a sphere intersects any surface of rotation and
a sphere centre lies on an axis of rotation of this surface, the line of the intersection
of these surfaces is a circle.

A section can make as many circles, as many outlines of spheres intersect an
outline of a surface of rotation (fig.112-114). If an axis of a surface is parallel to a
projection plane or perpendicular to it, these circles are projected onto a projection
plane as the straight lines.

14.3. A method of concentric spheres

To use a method of concentric spheres, one should fulfill the following
conditions:

1. Both intersecting surfaces should be the surfaces of rotation;

2. The axes of the surfaces of rotation should intersect (lie in one plane);

3. A plane, in which the axes of rotation intersect, should be parallel to any
projection plane.

Problem. Construct the intersection line of a cylinder and a straight circular
cone (fig.113).

Solving. We determine the points of the intersection of the outlines of the
specified surfaces. We draw an auxiliary sphere of radius R, that fits into one of
the surfaces and intersects another one. In the given problem a sphere of radius
Rumin fits into a cone. Sphere Ry, has a common tangent circle with the cone.
Sphere R, intersects the cylinder in two circles with diameter CD and MN.

At the intersection of circle AB and circles CD and MN we mark points 5, 5'
and 6, 6'. To construct the auxiliary points, we take a sphere, the radius of which is
a little bigger than R, and we intersect the cone and the cylinder by this sphere.
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By the intersection of the sphere and the cone a circle of diameter EF will be made
up, and by the intersection of the sphere and the cylinder two circles with
diameters GK and QL will appear. At the intersection of these circles we mark
points 7, 7' and 8, 8', which we connect with a smooth curve. We construct a
projection of the line of the intersection onto IT;.

n

Puc.115
Fig.113

14.4. A method of eccentric spheres

To solve the problems to intersect the surfaces by this method, one should
change the positions of the centres of the auxiliary spheres: they have to lie on an
axis of a surface of rotation.

Problem. Construct a line of the intersection of a cylinder and a sphere
(fig.114).
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Solving. 1. We mark the points at the intersection of the outlines of the
surfaces. We draw an auxiliary sphere R, which fits into the cylinder. This
sphere and the cylinder have a common tangent circle of diameter AB, and it
intersects the sphere in a circle of diameter DE. At the intersection of these circles
we mark points 3 and 3.

2. To determine the other points of the line of the intersection, it is necessary
to draw several auxiliary spheres more, the centres of which lie on the axis of a
cylinder of rotation.

3. We connect the found points with a smooth curve and construct a
projection of a line of the intersection onto IT;.

Problem. Construct a line of the intersection of a cone and a torus (fig.115).
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Solving. 1. We mark the points of the intersection of the outlines of the
surfaces.

2. Through a rotation axis of a torus we draw an auxiliary plane a that cuts
the torus in a circle of diameter AB. At the intersection of plane a and a circle of a
torus axis we mark point P. From this point we draw a perpendicular to plane a to
the intersection with a cone axis in point C. Then we draw a sphere of radius R,
from the centre in point C of radius CA. This sphere intersects the cone in a circle
of diameter DE. Circles AB and DE belong to one sphere, therefore, they intersect
in point 3=3'.

To find one more point, it is necessary to use one more plane 3 and to repeat
all the actions from the beginning. Then one should connect the found points with
a smooth curve and construct a projection of a line of the intersection onto IT;.

14.5. Monge’s theorem
If in two intersecting surfaces of rotation one can fit a sphere, then a line of
the intersection of these surfaces disintegrates into two curves — ellipses (fig.116).

Questions to unit “Intersection of surfaces”
1. Which methods are used to construct a line of the mutual intersection of
surfaces?



95

2. Which method of constructing a line of the mutual intersection of surfaces
is considered to be universal?

3. In what cases do they use a method of concentric spheres?

4. In what cases do they use a method of eccentric spheres?

5. Formulate Monge’s theorem.

Puc. 118
Fig.116
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GLOSSARY

A vertex of a polyhedron is a point at which the adjacent edges of a
polyhedron converge.

A vertex of a polygon is a point at which two adjacent sides of a polygon
converge.

An axis of rotation is a fixed straight line, around which a generating line of
a surface rotates.

A projection axis is a line of the intersection of the projection planes in a
rectangular system. At the intersection of a horizontal and a front projection planes
an axis is formed. Axis OX is an axis of a front and a profile projection planes —
axis O, axis OY is an axis of a horizontal and a profile projection planes.

A helix surface is formed by the motion of segment AB, both ends of which
move on the cylindrical helixes, and an angle between the segment and an axis of a
cylinder remains constant all the time.

A helix is a trajectory of the motion of a point, which uniformly glides
forward along the generating line of any surface of rotation, if this generating line
itself uniformly rotates around the axis of this surface. They distinguish helixes of
the constant and variable motion. The most common helixes that are used in
engineering are cylindrical helixes and conic helixes of the constant motion.

A conic helix is a trajectory of the motion of a point, which uniformly
moves forward along the generating line of a circular cone, which uniformly
rotates around an axis of a cone. A horizontal projection of a conic helix is
Archimedes spiral, and a front projection is a damped sinusoidal curve with the
wavelength that decreases. By unfolding of a conic surface a helix is also
transformed into Archimedes spiral. A conic helix can be right-handed and left-
handed.

A cylindrical helix is a trajectory of the motion of a point, which uniformly
moves forward along the generating line of a straight circular cylinder, while the
generating line uniformly rotates around an axis of a cylinder.
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ENGLISH-UKRAINIAN VOCABULARY

A

abscissa — abciuca

accidental surface — He3aKOHOMIpHA MTOBEPXHS
adjacent — cyMiKHUM

adjacent edge — cycigHe pedbpo

adjacent side — cycigHs cTOpoHA

algorithm — anroputm

algorithmic part of a determinant (APD) — anroputmiuyna yacTMHa BHU3HAYHUKA
(AUB)

anchor point — onopHa Touka

angle — kyT

angle of inclination — KyT HaxuITy

applicant — arutikaTta

arbitrary — 7OBUIbHMIA

arrow — CTpuiKa

athwart — nepneHIuKyIsIpHO

at random — 10BUIBHO

attach — noGynyBaTtu

auxiliary — qonoMi>xHuM

availability — HasiBHICTb

back — 3amnii

base — ocHOBa

be determined — BU3HauaTUCh

be located, be placed — 6yTu po3ramoBanum
be projected — mpoeKTyBaTUChH

belong — Hanexatu

broken straight line — n1amana npsima JiHis

C

cathetus — karer

channel surface — kanajgoBa moBepxHs
circle — xomo

circular cone — KpyroBuit KOHyC
circular cylinder — kpyroBuii HuIiHIp
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circular sector — KpyroBuii cekTop

circular surface — nukiiyHa NOBEPXHS

closed helicoid — 3akpuTHii reaikoin

coaxial — cniBocHuU#

coincide — cmiBnaaaTu

common — CIUIbHUM

common tangent circle — criibHE JOTUYHE KOJIO
compasses — IUPKYJIb

competitive — KOHKYpyIOUui

complex drawing — KOMIIJIEKCHUNA PUCYHOK
concentric sphere — KOHIIEHTpUYHA cdepa

cone — KOHYC

cone vertex — BepIIMHa KOHYyca

conic helix — rBUHTOBA JIiHIS KOHIYHA

conic surface — KOHIYHA TOBEPXHS

conoid — KOHOIN

constant — HE3MIHHHM

constant radius — nocTIMHUH pajiiyc

construct — mo0yyBaTu

construction — mo6yoBa

continuous progressive movement — nepeMilieHHs Oe3nepepBHe MOCTyNalIbHEe
contour — KOHTYpPHU U

converge — CXOJIMTUCH

conversion — NepeTBOPeHHs (KPECICHHs)
coordinate — KoopJMHaTa

correspond to smth. — BianoBinatu yomy-HeOyab
corresponding — BiIMOBIAHUHN

crosslying — MUMOODKHUN

curve — KpuBa JiHis

curved edge — pedbpo 3BOpOTYy

curved surface — kpuBa moBepxHs

curvilinear — KpUBOiHIYaCTHIA

cylinder — nuninap

cylindrical helix — rBuHTOBA JIiHISA TUIIHIAPUYIHA
cylindrical surface — nuninapuYHa MOBEPXHS
cylindroid — mumiApOin

D

damped sinusoidal curve — 3aTyxatoua cuHycoiganbHa KpuBa
deformation — cioTBOpeHHs

depicting — 300paxkeHHs

determine — BU3HAYaTH

diagram — emtop
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diameter — niameTp

direction — HarpPsIMOK

direction of movement — HanpsiM epeHOCY
drawing — KkpeciaeHHs

E

eccentric sphere — ekclieHTpuYHa cdepa
edge — pebpo

edged body — rpanne Tij10

edged surface — rpanHa nmoBepxHs
ellipse — emnirc

ellipsoid — enincoin

equator — eKBaTop

evolvent — po3ropTka

extension — MPOJIOBKEHHS

extreme point — KpaifHs TOUKa

facet — rpanb

figure — ¢irypa

fit into smth. — BnucyBaTuChH

fixed — Hepyxomuit

fixed straight line — Hepyxoma npsima
fold — ckimanka

folded surface — Hepo3ropTHa noBepxHs
form — ¢popma

four-angled prism — yoTupuKkyTHa pU3Ma
front — nepenHiit

front straight line — hbponTaNTH

G
generating line — TBipHa JiHIA
geometric image — reoMeTpu4HUN 00pa3
geometric part of a determinant (GPD) — reomerpuyHa uyacThHa BHU3HAYHUKA
(T'YB)
guiding line — HanpsiMHa JTiHIA

half-plane — naniBmIomMHA
hatching line — mrpuxoBa JniHis
height — Bucora

helicoid — renikoin (remicoin)
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helix — rBUHTOBA JiHIA

helix movement — nepemilieHHs! TBUHTOBE

helix surface — rBUHTOBa OBEPXHS

hemisphere — miBcepa

horizontal straight line — ropuzonTane

hyperbola — rinep6omna

hyperbolic paraboloid — rinep6osiunuii napadosoin

hyperboloid — rinep6omnoin

hyperboloid of rotation of one sheet — ogHOTIONIOCHUI TirTep60JI0ia 00epTaHHS
hyperboloid of rotation of two sheets — nBononocHuit rinepoos0in o0epTaHHs
hypotenuse — rinorenysa

image — o0Opa3

improper centre — HeBJIaCHUH LIEHTP
incidence — 1HIIEIEHTHICTb

inclination — Haxun

infinitely — OGe3kiHeyHO

initial position — nepBiCHe MOJOKEHHS
1n pairs — IOMapHO

intersection — nepeTuH

intersection line — JiHiA IepeTUHY
invisible — HeBUIMMUI

kinematic — KIHEMaTHYHUI

lateral — O1yHUMI

lateral edge — Giune pebpo

lateral surface — 6okoBa nmoBepxHs

length — noBxuna

level straight line — npsima piBHs

lie — 3HaXOAUTHUCH, PO3MIILYBATUCH

line — niH1s

line of the largest inclination — iHig HANO1IBIIOTO YXUTY
line of the largest slope — niHis HaWOLIBIIOTO CKATY
link line — niHig 3B’ 53Ky

location — po3MiteHHs

logical surface — 3akoHOMIipHa MOBEPXHS
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lower — HUXKHIHI

mark — no3nauaru

mark — nmo3nauka

measure — 3aMIpATH, BUMIPSITH

meridian — MepuiaH

meridional — MepuaiOHaNbHUM

mesh of moving surface — ciTka moBepxH1 IEPEHOCY
metric — MEeTpUYHHMA

move — nepeMilryBaTi

move in a circle — mepemMinyBaTUCh 1O KOy
movement — IepeMillleHHS

moving surface — moBepXHs MepeHOCy

N

natural size — HaTypajbHa BEIUYHHA
neck — ropnoBuHa

oblique angle — roctpuit KyT
oblique-angled — kocokyTHMIT
oblique helicoid — xocuit remikoin
oblique plane — koca ruonMHA
obtained point — oTpuMaHa Touka
open helicoid — BIAKpUTHIA TeTIKOI
ordinate — opauHaTa

origin — MOYaTOK KOOPIUHAT
outline — 06puc

parabola — mapaGoia

parabola top — BepmmHa napadou
paraboloid — mapa6omnoin

parallel — mapanenn

parallel — mapanenbHuii

parallel position — mapayienbHICTh
parallelogram — napasenorpam
perpendicular — nepreH UKy
perpendicular — neprieHAUKYISTPHUI
perpendicularity — neprneHIuKyISIpHICTh
planar movement — TIoCKomapaienbHe epeMilIeHHS



102

plane — ruiomuHa

plane image — mIocke 300pa>keHHS

plane of parallelism — rmomuHa napaienizmy
point — Touka

point by arrows — BKa3yBaTH CTpUIKaMU
polygon — MHOTOKYTHUK

polyhedron — MHOTOTpaHHUK

positional — mo3umitHu

positive value — mo3uTUBHE 3HAYCHHS
prism — npu3ma

problem — 3ayaua

profile straight line — npodinbHa npsima
projecting ray — mMpOeKIIF0I0YHNA MPOMIHb
projecting straight line — nmpoekiiitoroya mpsimMa
projection — MpoeKIIitOBaHs

projection axis — BICh MPOEKIIIH
projection plane — TuIoNIMHA MPOEKITIH
proper centre — BIIACHUM LIEHTP

property — BIacCTUBICTh

put down — omyckaTu

pyramid — nipamiga

quadrangle — 9OTHPHUKYTHUK
quadrant — kBagpaHT
quarter — YBepTh

radius — pajiyc

radius arc — yra pajuiyca

ray — NpoMiHb

rectangle — NpAMOKYTHUK

rectilinear — npsiMostiHiYacTUA

replace — 3aMiHUTH

replacement — 3amiHa

right-angled — npsiMmokyTHU

right-angled triangle — npsAMOKyTHUI TPUKYTHUK

right circular cone — npsiMuii KpyroBuii KOHYC

right helicoid — npsimuii renikoin

ring helicoid — kinbLIeBUH TeTIKOIT

rotate — po3BepTaTH, o0epTaTu

rotate clockwise — moBepTaTu 3a TOAMHHUKOBOIO CTPLIKOIO
rotate counterclockwise — moBepTaTu MpOTH FOJAMHHUKOBOI CTPLIKU
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rotation — o6epTaHHs
rotation axis — BiCb 0OOepTaHHS

section — nepepi3

section line — niHisg nepepizy

segment — BIIPi30K

side facet — 6okoBa rpanb

size — BeJIMYnHa

smooth curve — raBHa KpuBa JiHIsA
solving — po3B’si3aHHS

space — IIpocTip

spatial — mpocTopoBuii

specified — 3aganuii

specified direction — 3aganuii HanpsIM
specify — 3agaBatu

sphere — cdepa

spiral — ciipaiib

straight line — npsama

succession — MOCJiI0BHICTb

superposition — CyMIIeHHs

surface — moBepxHs

surface determinant — BU3HAaYHUK MOBEPXHI
surface of rotation — moBepxHsi oOepTaHHs

T

tangent — JOTUYHU I

theorem — Teopema

torus — Top

trace — CIII

trajectory of motion — TpaexTopis pyxy
transformation — nmepeTBOpeHHs (40TO-HEOYAb Y 110-HEOYIb)
triangle — TpUKYTHUK

triangular prism — TpUKyTHa puU3Ma
triangular pyramid — TpukyTHa nipamiga
tubular surface — TpyOuacrta nmoBepxHs
two-facet — nBorpanHuit

U
unfolded surface — po3ropTaa moBepxHs
unfolding — po3karka
uniformly — piBHOMipHO
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upper — BepxHiit

\%
variable radius — 3MiHHMI pajiyc
visibility — BUIMMICTh
visibility limit — rpaHuIs BUIUMOCTI
visible — BunnMMit
\%4
X
Y
Z

ZC10 — HYJIb

UKRAINIAN-ENGLISH VOCABULARY

A

abciuca — abscissa

anroput™ — algorithm

anropuTMiuyHa yactuHa Bu3HauHuka (AYB) — algorithmic part of a determinant
(APD)

arurikara — applicant

6e3kiHeuHo — infinitely

O1une peOpo — lateral edge

O1uHuii — lateral

O6oxoBa rpans — side facet

6okoBa noBepxHs — lateral surface

OyTu posramoBanuM — be located, be placed

B

BEJINYMHA — Size

BEpXHii — upper

BEpIIIMHA KOHYCa — cone vertex
BepIIMHa nmapabosu — parabola top
B3a€MHE IMOJI0KEeHHS — mutual position
BUIUMHHA — visible
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BUJIUMICTH — Visibility

BHCOTa — height

BU3Ha4YaTH — determine

BU3Ha4aTuch — be determined

BHU3HAYHMK NOBepXHI — surface determinant
BIJIMOBIZATH YOMY-HeOyab — correspond to smth.
BIMOBiAHUHN — corresponding

BIJIPI30K — segment

BICh — axis

Bich 00epTaHHA — rotation axis

BICh MPOEKIIIH — projection axis

BKa3yBaTHu CTpUIKamMu — point by arrows
BJIACHHUM LIEHTP — Proper centre
BJIACTHUBICTH — property

BIMcyBatuch — fit into smth.

I'BUHTOBA JIiHIsA — helix

IBUHTOBA JIiHIs KOH1YHA — conic helix

IBUHTOBA JIiHIS uIiHApu4HA — cylindrical helix
rBUHTOBA noBepxHs — helix surface

renikoin (remicoin) — helicoid

reiyikoin Binkputuid — open helicoid

renikoin 3akputuii — closed helicoid

refikoin KuibleBuid — ring helicoid

refikoin kocuit — oblique helicoid

renikoin npsimuit — right helicoid

reomeTpudHa yactuHa Bu3HauHuka (['UB) — geometric part of a determinant
(GPD)

reoMeTpuYHUI 00pa3 — geometric image
rinep6oma — hyperbola

rinepboniunuii mapabomnoin — hyperbolic paraboloid
rinep6omnoin — hyperboloid

rinoTeHysa — hypotenuse

ropusoHTanb — horizontal straight line
ropyoBuHa — neck

Ipa”uIll BUAUMOCTI — Vvisibility limit

rpanHa nosepxns — edged surface

rpanHe Tu10 — edged body

rpasb — facet

JBOTpaHHU — two-facet
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JIBOMOJOCHMH rinep6onoin obepranns — hyperboloid of rotation of two sheets
niametp — diameter

nobymaysatu — attach

noxuHa — length

JOBUIbHMM — arbitrary

JOBUIBHO — at random

JOMOMDKHUHN — auxiliary

NOTUYHUN — tangent

nyra pazaiyca — radius arc

E
eKBaTop — equator
eKciieHTpu4Ha cdepa — eccentric sphere
eminc — ellipse
emincoin — ellipsoid
emntop — diagram
€
K
3

3aaBaTu — specify

3amanuit — specified

3ajaHuit HanpsiM — specified direction
3aj1a4a — problem

3aH1i — back

3aKoHOMipHa noBepxHs — logical surface
3amiHa — replacement

3aMIiHUTH — replace

3aMIpATH, BUMIPATH — measure
3aryxaroya cuHycoifganbHa kpuBa — damped sinusoidal curve
3MIHHMI pajiyc — variable radius
3HAXOJIUTHUCH, PO3MILTYBaTUCH — lie
300pakeHHs — depicting

IHIEAEHTHICTH — incidence
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KaHaJloBa moBepxHs — channel surface
Karet — cathetus

KBaJIpaHT — quadrant

KiHeMaTHu4Hui — kinematic

KoJI0 — circle

KOMIUIEKCHUN PUCYHOK — complex graphic
KOHIYHa MOBEpXHs — conic surface
KOHKYpYIOUMil — competitive

KOHO11 — conoid

KOHTYpHMH — contour

KOHYC — cone

KOHIIEHTpU4HA cepa — concentric sphere
KoopauHaTa — coordinate

Koca mioniuHa — oblique plane
KOCOKYTHH — oblique-angled

KpaifHs Touka — extreme point
KpecieHHs — drawing

KpHUBa JIHISA — curve

KpuBa noBepxHs — curved surface
KpUBOJIHIHYacTHil — curvilinear
KpYroBuii KOHyC — circular cone
KpYroBuUii cekTop — circular sector
KpyroBuii uuiisap — circular cylinder
KyT — angle

KyT rocTpuil — oblique angle

KyT Haxuly — angle of inclination

KyT npsiMuii — right angle

JI

JamaHa npsima JiHis — broken straight line

JiHisA — line

niHis 3B’ 513Ky — link line

niHig HanOuTbIIoro ckary — line of the largest slope

JiH1iA HaOwIbIIoro yxuiy — line of the largest inclination
JiHIA niepepizy — section line

JHISA epeTUHy — intersection line
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MepuaiaH — meridian
MepuIioHaTbHUM — meridional
METPUYHUN — metric
MUMOODLKHHM — crosslying
MHOTOrpaHHuk — polyhedron
MHOTOKYTHHUK — polygon

H

HajexaTtu — belong

HamiBrutomuHa — half-plane

HanpsM nepeHocy — direction of movement
HarnpsMHa JiHist — guiding line

HarnpsMoK — direction

HaTypajbHa BeJIUM4MHA — natural size

HaxuJI — inclination

HasBHICTH — availability

HEBUAUMUM — Invisible

HEBJIACHUM LEHTpP — Improper centre
He3aKOHOMIipHa noBepxHs — accidental surface
HE3MIHHUI — constant

Hepo3ropTHa noeepxHs — folded surface
Hepyxoma npsama — fixed straight line
Hepyxomuii — fixed

HUXKHIN — lower

HYJIb — ZEro

obOepraHHs — rotation

o0Opa3 — image

obOpuc — outline

OJIHOTIOJIOCHMI rinep6onoin odepranns — hyperboloid of rotation of one sheet
ornopHa To4yka — anchor point

omyckaTtu — put down

opauHarta — ordinate

OCHOBa — base

oTpuMaHa Touka — obtained point

napaboiia — parabola
napabouioin — paraboloid
napasienorpam — parallelogram
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napaiens — parallel

napayiensHuit — parallel

napayiensHIcTh — parallel position

nepBiCHE MOJI0KEeHHs — 1nitial position

nepeHii — front

nepeMilleHHs] — movement

nepeMinieHHs 0e3mnepepBHe MOCTyMalbHe — continuous progressive movement
nepeMillieHHs] TBUHTOBE — helix movement
nepeMillyBaTi — move

nepeMilllyBaTUCh MO KOy — move in a circle

nepepis — section

nepeTHH — intersection

NepeTBOPEHHs (KpeciaeHHs ) — conversion
nepeTBOpeHHs (4oro-HeOyab y 1mo-He0y1b) — transformation
nepneHauKysap — perpendicular

nepneHauKkyasapauit — perpendicular
NepHeHANKYIApHICTh — perpendicularity
nepreHanKyIsapHo — athwart

niBcepa — hemisphere

nipamiga — pyramid

IIaBHA KpUBa JiHIsA — smooth curve

MJI0CKe 300pakeHHs — plane image
TUIOCKOTIapaselibHe iepeMilieHHs — planar movement
rIomuHa — plane

riolMHa napanenizmy — plane of parallelism
TJIOIIMHA TPOEKI[iN — projection plane

nmoOyaoBa — construction

noOyayBaTH — construct

MOBEPTATH 32 TOAMHHUKOBOIO CTPpUIKOIO — rotate clockwise
MOBEPTATH MPOTH TOAMHHUKOBOT CTPUIKU — rotate counterclockwise
noBepxHs — surface

noBepxHs ooepranHs — surface of rotation

MOBEPXHS MepeHocy — moving surface

MMO3UTUBHE 3HAYCHHS — positive value

NO3ULIAHUNA — positional

no3HayaTu — mark

no3Hayka — mark

MOMapHO — in pairs

MOCJIIOBHICTh — succession

NOCTIHHUI pajiyc — constant radius

MOYaTOK KOOPJAMHAT — Origin

npu3Ma — prism

MPOJOBXKEHHS — extension
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MIPOEKTYBATHUCh — be projected
MPOEKI[IIOBaHHS — projection

MPOEKIIioI0Ya MpsiMa — projecting straight line
MPOEKI[IIOI0YHIA MPOMiHB — projecting ray
MPOMIHb — ray

MPOCTIp — space

MPOCTOPOBUIA — spatial

npodiibHa npsima — profile straight line
npsima — straight line

npsima piBHs — level straight line

npsIMUM KPYyroBUid KOoHyC — right circular cone
npsMOKyTHHH — right-angled

NpsIMOKYTHUI TpUKYTHUK — right-angled triangle
NPSIMOKYTHHK — rectangle

npsiMoJliHiiYacTuit — rectilinear

paniyc — radius

pebpo — edge

pebpo 3Bopoty — curved edge
piBHOMIpHO — uniformly

po3BepTaTu, 00epTaTH — rotate
po3B’si3aHHs — solving

po3ropTka — evolvent

po3roptHa noepxHs — unfolded surface
po3kartka — unfolding

po3MiieHHs — location

C

ciTKa nmoBepxHi nepeHocy — mesh of moving surface
CIYHMH — Intersecting

cknazaka — fold

ciij — trace

CIIBOCHMI — coaxial

crniBmaaaT — coincide

CHUIbHE JOTUYHE KOJI0 — common tangent circle
CIUIBHUM — common

cripainp — spiral

crioTBopeHHs — deformation

CTpLIKa — arrow

cyMixHuii — adjacent

CYMIiIlIEHHS — superposition

cycigHe pedpo — adjacent edge
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cycigas cropona — adjacent side
chepa — sphere
CXOJIUTUCH — converge

TBIpHA JiHIsA — generating line

TBIpHE KOJIO — generating circle
Teopema — theorem

TOp — torus

TOUYKa — point

TpaexkTopis pyxy — trajectory of motion
TpUKYyTHa mipamiaa — triangular pyramid
TPUKyTHa Npu3Ma — triangular prism
TPUKYTHUK — triangle

TpyOuacTa noBepxHs — tubular surface

()]
¢irypa — figure
¢dbopma — form
dbponTans — front straight line

X

[MKJIIYHA TOBEpXHs — circular surface
umiHap — cylinder

nuIiHApruYHa noBepxHs — cylindrical surface
uuiHApoin — cylindroid

LHUPKYJIb — COMPAsSes

Y

YBEPTh — quarter
4oTUpUKyTHa npu3Mma — four-angled prism
YOTUPUKYTHUK — quadrangle

11

mTpuxoBa JiHisg — hatching line

II
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