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AHOTALIA

B cratTi po3risiHyTO NMuTaHHs OOy I0BH MaTeMaTHYHOT MOZIENI PO3BUTKY aOCTPaKTHOI emifieMii 3a BU3Have-
HHX TI0YaTKOBUX yMOB. Bin3HaueHo 110 enigeMii CynpoBODKYIOTH JIIOJICTBO HA MPOTs3i BCHOTO HOTO iCHYBaHHS.
Eninemii i manaemii BUCTYNatOTh SK OOWH 3 Ai€BUX (PaKTOPIiB PETryINIOBaHHS KiTBKOCTI HaceneHHs Ha 3emui. Ha-
JKaJb BCI IOCATHEHHS Cy4acHOT MEJMIMHN HE MOXYTb IIEPEIIKOANTH BUHUKHEHHIO 1 PO3IIOBCIOPKCHHIO CTapHX 1
HOBHX XBOP00. {7151 60p0oThOM 3 HIMH TOTPiOCH CHCTEMHHH MiAXi] , IKH IIependadae, B TOMY YHCIHI, 1 CTBOPEHHS
MaTeMaTU4HUX MOJIEJIEH SIKi OMMCYIOTh TMHAMIKY PO3IOBCIODKEHHS eMijieMiid. 3BUYaiiHO, CKJIaJHICTh TPOOIeMH
(HEOTHO3HAYHO BUPAXKEHI MOYATKOBI YMOBH, CTOXACTHYHMIN XapakrTep Iepediry Moii Tomo) He J03BOJNSIOTH
CTBOPUTH yHIBEpCallbHy MaTeMaTH4Hy MOJIEJIb sika O aJleKBaTHO ONMUCYBaJla TUHaMIKy nepe0iry eminemii. [Tepuri
CIpoOH CTBOPEHHS MaTeMaTHYHUX MOJIEJIeH IS omucy repediry emigemiid Oynu 3pobieni me B XIX cropiudi B
Amrmii. 3BU4aifHO, 3 Cy4acHOT TOYKH 30py BOHU OYJIM HEJOCKOHAIMMH, HE BPaXOBYBaIM 0arato »HUTTEBUX (ak-
TopiB. B monanpimoMy, 3 po3BUTKOM KOMIT IOTEPHUX TEXHOJIOT1H, MOJIEITi CTaBajIM BCE OLIBII JOCKOHATUMU. AJle,
SK BiZI3HAYAIOTh CyYacHI JOCIIIHUKY, Hapa3i IIle¢ He CTBOpPEHA yHiBepcallbHa MaTeMaTHYHa MOJICJIb PO3BUTKY €Tli-
IEMIH.

B nmaniif craTTi po3riagaeTbes OKpEMHH BHUITAIOK 31 CBOIMM JOMYIICHHSAMH 1 TOYaTKOBUMH yMOBaMu. Best
TIOITYJIAIIS JIFOJIe YMOBHO TOJIEHA HAa TPU TPYIH: TEpIa — 0COOM CHPUHHSTINBI 10 XBOPOOH, aie MOKH II0
3/I0pOBi; Apyra — iH(piKOBaHI 0coOH sIKi cami XBOpi 1 € JKEPEIOM PO3MIOBCIOKEHHS CTieMiif; TPETs — 3I0POBi
JIOAM SIKi MAIOTh IMYHITET 10 IaHOi XBOPOOH. 3poOJeH] IPUIYIEHHS 0 MIBUIKICTh 3MiHN CHPUHHITINBHX 10
XBOPOOH JIFOZICH MPOMOPIIiiiHA TOYaTKOBOMY YHC/IY CIPUHHATIMBHUX OCI0, a TAKOXK 110 IBUIKICTh 3MIHU 1H(IKO-
BaHMX ayie BUIYKYIOUHUX oci0 Oy/e mponopiiiiiHa yuciy iHpikoBaHuX nroneil. Takoxk 3po0JieHO MPUITYIIEHHS 1110
KOe(QIIIEHTH 3aXBOPIOBAHOCTI 1 BUAY)KyBaHHS OAHAKOBI. J[JIs1 JaHUX YMOB CKIIaJICHI Ta BHUpileH] audepeHiiiiui
PIBHSHHS 1 Ha TX OCHOBI OOy JOBaHi rpadiuHi 3aJIeKHOCTI SKi OKA3yIOTh TUHAMIKY 3MiHH YHClIa 0Ci0 B KOXKHIH
i3 TppOX rpyn Jtoaeld. OTpuMaHuii BUpa3 AJsl BU3HAUCHHS Yacy MPH SIKOMY KUTBKICTH iH]ikoBaHMX 0ci0 Oyze
MaKcUMallbHa. B 11eif MOMEHT Yacy KUTBKICTh CIPUSATIUBUX IO XBOPOOH 0Ci0 CHiBIamae 3 YuCIOM iHQEKIIHHIX
mozieit. OTprMaHo piBHSHHS JUIS IIPOTHO3Y Yacy 3aBepUICHHs emifemii. BiH 3anexuts Big criBBigHOMIEHHS 0Ci0
B TIepIIii Ta Apyrii rpynax. I[ToOynoBani rpadiky 3MiHH B 9aci KiJIbKOCTi 0Ci0 B YCiX TPhOX Tpymax.

ABSTRACT

The article deals with the problem of constructing a mathematical model for the development of an abstract
epidemic under certain initial conditions. It has been noted that epidemics accompany humanity throughout its
existence. Epidemics and pandemics act as one of the effective factors in regulating population size on Earth.
Unfortunately, all the achievements of modern medicine cannot prevent the emergence and spread of old and new
diseases. To combat them requires a systematic approach that involves, inter alia, the creation of mathematical
models that describe the dynamics of epidemics. Of course, the complexity of the problem (ambiguous initial
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conditions, stochastic nature of the events, etc.) do not allow to create a universal mathematical model that would
adequately describe the dynamics of the epidemic. The first attempts to create mathematical models to describe
the course of epidemics were made in the nineteenth century in England. Of course, from the modern point of view
they were imperfect, they did not take into account many factors of life. Subsequently, with the development of
computer technology, models have become more sophisticated. But, as today’s researchers point out, a universal
mathematical model for epidemic development has not yet been created.

This article deals with a specific case with its assumptions and initial conditions. The whole population of
people is conditionally divided into three groups: the first is persons susceptible to the disease, but so far healthy;
the second is infected persons who are ill and are the source of epidemics; third - healthy people who are immune
to this disease. The assumption is made that the rate of change of susceptible people is proportional to the initial
number of susceptible persons, and that the rate of change of infected but recovering persons will be proportional
to the number of infected people. It has also been suggested that the morbidity and recovery rates are the same.
For these conditions, differential equations are drawn up and solved and graphical dependencies are constructed
on their basis, which show the dynamics of change in the number of persons in each of the three groups of people.
An expression was obtained to determine the time at which the number of infected persons would be maximal. At
this point in time, the number of people favorable for the disease coincides with the number of infectious people.
An equation was obtained to predict the timing of the epidemic. It depends on the ratio of people in the first and

second groups. Graphs of time changes in the number of persons in all three groups were constructed.
Kiro4oBi ciioBa: MmaremMaTHyHa MOJIEINb, enifemis, iHdeKis, tudepeHiiiine piBHSIHHS, IMyHITET, II0YaTKOBI

YMOBH.

Keywords: mathematical model, epidemic, infection, differential equation, immunity, initial conditions.

Formulation of the problem. Throughout life to-
gether with the person there are various diseases. The
actual and average life expectancy of a person is much
less than the potential laid down in it, largely due to ill-
ness. Out of all known diseases, epidemics are of par-
ticular importance to humans, that is, diseases that are
new to the population and spread at a rate far exceeding
that expected. Until recently, epidemics and pandemics
have been the most effective factors in regulating pop-
ulation size (since they are derived from the Greek "de-
mos" — the people). Despite all the advances in medi-
cine, epidemics and pandemics continue to threaten hu-
manity. There are no longer enough medical measures
and remedies to combat these phenomena. At present,
the magnitude and diversity of new and "old" epidem-
ics requires a systematic approach to studying the
causes of their occurrence and spread. And here is the
basic science of humanity — mathematics, which helps
to describe the course of the epidemic, the dynamics of
its growth and attenuation, and so on.

Of course, the complexity and versatility of the
problem does not allow to make a full forecast of the
situation. That is, at the moment there is no universal
model that adequately describes all aspects of the epi-
demic. It should also be borne in mind that the epi-
demic’s development processes are highly dynamic.
Therefore, the issues of modeling the dynamics of the
epidemic are currently very relevant.

In this paper an attempt is made to build a mathe-
matical model of the dynamics of epidemic develop-
ment with a number of limitations and assumptions that
reproduce the real life situation.

Analysis of recent research and publications.
Attempts to simulate the process of the epidemic were
first made in the 19-th century in England [1]. How-
ever, these models were relatively simple and did not
take into account the stochastic nature of the processes
they described. Further development of epidemic mod-
eling was obtained in the second half of the 20-th cen-
tury in the works of scientists of the USSR [2; 3]. Ran-
dom factors of epidemic processes have already been

taken into account in these works, but they were rather
abstract in nature and little account was taken of the re-
alities of epidemics.

A detailed analysis of the experience of creating
mathematical models for forecasting the epidemic on
the territory of the USSR and the Russian Federation is
made in [4]. The paper notes that mathematical com-
puter-aided prediction of influenza outbreaks for large
territories was realized due to the following three con-
ditions:

— was developed a mathematical model of the
influenza epidemic;

— was constructed a matrix of passenger flows
for the 100 largest cities of the USSR;

— was established an epidemic surveillance sys-
tem throughout the country.

In [5] it was noted that the most common approx-
imate (rough) models for describing the epidemic are
linear, exponential and logistic. The first two models
adequately describe well-studied processes in a limited
space of input quantities. When modeling the situation
with several stages of the life cycle, the S - like logistic
model is more adequate [6]. Almost all authors note the
presence of various difficulties in the construction of
models due to the inability to take into account all the
factors that affect the process and their great stochastic-
ity.

For example, in [7] the statistical characteristics of
epidemic processes were evaluated, and it was noted
that the variations in the numbers characterizing the
process can reach significant values, and this should be
taken into account in the analysis of the epidemic scales
and concluded, by the way, as in many other works, that
further improvement of the mathematical model is re-
quired, in particular, a more reliable and objective
method of setting the model parameters is required.
Therefore, most papers on this topic are devoted, for
example, to [8; 9], on specific issues of epidemic mod-
eling.

An analysis of recent publications shows that there



62

Sciences of Europe # 51, (2020)

is currently no universal mathematical model to de-
scribe the dynamics of the epidemic. In this paper, an
attempt is also made to mathematically model the spe-
cific situation of the abstract epidemic with appropriate
assumptions in the formation of initial conditions.
Research results. We construct a mathematical
model of the epidemic of one of the individual cases
that are common in life. Suppose that a population of
people consisting of N persons is divided into three
groups. The first includes individuals who are suscep-
tible to a particular disease while still healthy. The
number of such persons at a given time t is denoted as
A(z). The second group is people who are infected -
they are sick themselves and are a source of disease
spread. The number of such persons in the general pop-
ulation at time t is denoted as B(z). And the third group
are people who are healthy and immune to the disease.
The number of such people at time z is denoted as C(z).
So:
A(t)+ B(t) + C(t) = N. 1)
Suppose that when the number of infected people
exceeds a certain fixed number B*, the rate of change
in the number of people susceptible to the disease will
be proportional to the number of the most susceptible
persons. We also assume that the rate of change in the
number of infected but recovering persons will be pro-
portional to the number of infectious people. Of course,
these assumptions somewhat simplify the real situation,
but in the case they reflect the true situation. According
to the first assumption, we will assume that when the
number of infectious people is B(z)>B*, then they are
capable of infecting susceptible people. This means that
the isolation (up to some point in time) of infectious
persons in quarantine is taken into account, or they are
at a considerable distance from susceptible persons to
the disease. Thus, we arrive at the differential equation:
da _ (—aA,if B(t) > B* ’
5_{ 0,if B(t) < B* @)
It must be borne in mind that every person suscep-
tible to the disease, after becoming ill, becomes infec-
tious. Therefore, the rate of change in the number of
i~

.I?I"l' ______________________________________

infectious persons is the difference in unit time between
those who have just become ill and those who are al-
ready recovering.

So,
i (@A — BB,if B(t) > B*
e NC)
dr —BB,if B(t) <B

We call the constants a and p the morbidity and
recovery coefficients, respectively.

The rate of change in the number of people recov-
ering is given by the equation:
—=pB (4)

To solve these equations uniquely, you must set
the initial conditions. We assume that at time =0, there
are no persons immune to the disease, that is, C(0)=0
and B(0). Also assume that the coefficients of morbid-
ity and recovery are the same, that is a=8. We will look
at this simple version of the situation. In real life, in
most cases a # £. We will cover this case in the next
article.

Once these assumptions are made, there are two
cases to consider.

Case 1. The number B (0) <B *

In this situation, with increasing time, individuals
in the community will not be infected, because in this

case % = 0 and according to equation (1) and the con-

dition C(0)=0, for all 7 is true equality:
A(t) = A(0) =N — B(0) (5)
The case we are considering corresponds to the sit-
uation when most infectious persons are in isolation. In
this case, from equation (3) we arrive at the differential
equation:
2= —aB (6)
Hence B(t) = B(0) exp(—at) and, respectively,
C(t)=N—-A(t)—B(r) =B(0)[1 -
exp(—at)] ()
In Fig. 1 graphically shows the time change in the
number of persons in each of the three groups.

B(7)

-

L

T

Fig. 1 Dependence of change of number of persons in each of three groups at B(0)<B*

Case 2. The number B(0)>B*.

In this case, there must be a time interval 0<¢<T,
for all values of z, the inequality B(z)>B* holds, since
the content of problem B must be a function of time «.
From which it follows that for all = from the interval [0,

T] the disease will spread to susceptible persons. Thus
from equation (2) it follows that:
A(7) = A(0) exp(—ar) ®)
for0<z<T.
Substitute the value of A(z) from (8) in equation
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(3) and proceed to the differential equation:
Z—i + aC = aA(0) exp(—art) 9)

If we multiply both parts of equation (9) by
exp(ar), then this equation will take the form:

%[B exp(at)] = aA(0)

After integration (10) we will have:

B exp(at) = aA(0)T + K

and accordingly the set of all solutions of equation
(9) is given by the relation:

B(t) = Kexp(—art) + aA(0)t exp(—at) (11)

If we take here z=0, we choose K=B(0), and thus
equation (11) takes the form:

B(t) = [B(0) + aA(0)7] exp(—ar)
for0<7<T.

In the future we need to find the true value of T
and find the time point zmax at which the number of in-
fectious persons will be maximum.

Finding the time T is important because at this
point the morbidity of susceptible persons stops. If we
take 7=T in equation (12), then taking into account the
previous conclusion, we can see that its right part takes
the value B*, that is:

B* = [B(0) + aA(0)T] exp(—aT)

But A(T) = Tlf?o A(1) = A() is a number.

Susceptible persons who have escaped the disease
and for whom the following equations are fulfilled:

(10)

(12)

(13)

A(T) = A() = S(0) exp(—=aT)  (14)
From the last equation we can find T:
_ 1, A0
T=- In ) (15)

Thus, if we can specify the number of persons
A(), we can thus use equation (15) to predict the time

2

of epidemic completion. After substituting T from (15)

into equation (13) we obtain the equation:
* — AW) ] A=)
B* = [B(0) + A0) In A(w)] -
B*  B(0) A(0)
T A) A0 T A
which can be rewritten as:
B’ _ 5O
m + lTlA(OO) = A0) + lTlA(O) (16)
Since B* and all terms in the right-hand side of
equation (16) are known, we can use it to determine
A(o).
To find the time zmax at which the number of in-
fected persons will be greatest, consider equation (12),

from which you can go to equality:

28 — [2A(0) — aB(0) — a?A(0)7] exp(—az) =

ar =
0(17)
From this equation we can find the time zmax for

which B reaches the maximum value:
1 B(0)

Tmax = - [1 - m (18)

Now substitute the value max from the last equality

in (12) and obtain:
— B(0)

Bnax = A@exp (= | 7 0V} = 4tna) 19)

The obtained equation shows, in particular, that at
time zmax the number of disease-prone individuals coin-
cides with the number of infectious people.

When z > T, susceptible persons no longer become
infectious and:

B(t) = B*exp[—a(t — T)] (20)

Figure 2 schematically shows the change in the
number of persons in each of the three groups at
B(0)>B*.

¢

A

Lmex T

B(y)
—

Fig. 2 Dependence of change of number of persons in each of three groups at B(0)>B*.

Conclusions. According to the results of the re-
searches, a model of the epidemic development dynam-
ics in the form of differential equations was con-
structed. An expression was obtained to determine the
time at which the number of infected persons would be
maximal. An equation was obtained to predict the tim-
ing of the epidemic. It depends on the ratio of people in
the first and second groups. The graphical interpreta-
tion of the change in the number of persons of three
population groups is given.
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AHHOTALIUA

Kiev

CoBpeMeHHBIH 3Tal Pa3BUTHSI HAYKH M TEXHUKH MPEIIIONIAracT pa3pemeHne IpooiieM CBSI3aHHBIX, KaK MU-

HUMYM, C TIO3HAHWEM OpTaHU3aly WHPOPMAITMOHHONW 00pabOTKH, KOTOpas pa3MeIIaeTcsi B eCTECTBEHHOM HH-
TEJUIEKTE. A TaKke HaCyI[HOM MPOoOIeMOii BBICTYIIAET CO3/IAaHNE CPE/ICTB MEPEBHIKEHHUS CO CKOPOCTSIMH, KOTO-
PpBIC HE 3aTATHUBAIOT BPEMA Hpe6blBaHI/I${ YEeJIOBEKAa KOCMOCE. Bezu) OHO MOKET OTPHUIATCIILHO CKa3bIBATHCA HA €0
3J0POBLE U CYHICCTBCHHO OI'paHUYMBATh BPEMs IMO3HAHUA. bes ajleKBaTHOﬁ pupoac OPUCHTAIUU B TAKUX ITOHA-
TUAX, KaK MIPOCTPAHCTBO U BPEMA, HAYYHOMY COO6IlIeCTBy pa3peuinTb, OTMCUYCHHLIC BBIIIC HpO6J'IeMLI 3aTpya-
HeHo. B cratbe HCCIICAYIOTCA COBPEMECHHBIC MMOAXO0/AbI B CO3AaHUN CUCTEMBI IIPOCTPAHCTBA U BPpEMEHU U TPEAJIO0-
JKCHa MOMNbITKA MOCTPOUTH aICKBATHYIO IPHUPOJAC MOIECIIb.

ABSTRACT

The current stage in the development of science and technology involves solving problems related, at least,
to the knowledge of the organization of information processing, which is located in natural intelligence. And also
an urgent problem is the creation of vehicles with speeds that do not delay the time a person spends in space. After
all, it can adversely affect his health and significantly limit the time of knowledge. Without an orientation adequate
to the nature in concepts such as space and time, it is difficult for the scientific community to resolve the problems
noted above. The article explores modern approaches to creating a space and time system and suggests an attempt
to build a model adequate to nature.

KiroueBble ¢jioBa: TpexMepHOE MPOCTPAHCTBO, BPEMSI MaTepHalIbHAs TOYKA, MaTepralibHas JINHUS, MaTe-
puajibHad mjionaiab, MrHOBEHHC, 0ECKOHEYHOCTh

Keywords: three-dimensional space, time material point, material line, material area, instant, infinity

1. Beenenue

B xonne 19-o u nayane 20-o croneruii B Gpuznke
pa3pasmicsl Cepbe3HBIH KpPU3HUC, M €r0 pa3pelieHue,
CyZsI TIO BCEMY, MOXHO OBLIO OBI OCYIIIECTBUTH aKCHO-
MaTH4YeCKUM METOIOM HCCIEJOBAaHHWH, 3TO KOTAAa Ha
OCHOBE CHCTEMBI aKCHOM B aireOpe JOKa3bIBAIOTCS
Tr00BIE JIEMMBI U T€OpEMBL. IHBIMU CIIOBaMH, HCIOJb-
3ysl aHAJIOTHYHYO CUCTEMY, HO yXKe aKCHOM B (hH3HKeE,
MMEHYEMBbIX MOCTYJIaTaMH1, IO3HATh JIt000€ SBJICHUE B

npupoae. [lo-Bunumomy, ¢ 31oil uensio B 1900 roxay,
cpenn 23 npobnem, . I'misbept chopmynuposain me-
CTYIO TIpoOJIEMy, B pa3pellieHHH KOTOPOU Iperoara-
JIOCh «MaTEMaTHYeCKH OOOCHOBAaTh CHCTEMY aKCHOM
¢u3ukm». Kak moTom BBISICHHUIIOCH, Takylo (pUKcHpo-
BaHHYIO CHCTEMY aKCHOM €CTECTBO3HAHUS IOCTPOHTH
HEBO3MOXHO [1], a BOT «OTKPBITYIO» CHCTEMY, KOTO-
pasi, Mo Mepe MO3HaHMS, OMIOTHAETCS HOBBIMH ITOCTY-
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