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)UHTXHQF\� GHSHQGHQFHV� RI� FRPSOH[�SHUPLWWLYLW\� FRPSRQHQWV�KDYH� EHHQ� VWXGLHG� LQ� WKH��Ü� WR���� +]�IUHTXHQF\�UDQJH�DW�WHPSHUDWXUHV�RI�����WR�����.�IRU�D�IHUURHOHFWULF�OLTXLGFU\VWDOV� �)(/&�� ERWK� LQ� WKH� SXUH� VWDWH�DQG� GRSHG�ZLWK� VWURQJO\� DQG�ZHDNO\� GLVVRFLDWLQJDGPL[WXUHV�� 7ZR�GLVSHUVLRQ� UHJLRQV�KDYH� EHHQ� UHYHDOHG��7KH�KLJKHU�IUHTXHQF\�GLVSHUVLRQUHJLRQ�,�KDV�EHHQ�VKRZQ�WR�EH�REVHUYHG�LV�VPHFWLF�SKDVHV�RQO\��7KH�DYHUDJH�UHOD[DWLRQ�WLPHLV� ���� PV� DQG� GHSHQGV� VOLJKWO\� RQ� WKH� LPSXULW\� SUHVHQFH�� 7KH� GLVSHUVLRQ� UHJLRQ� ,,� LVREVHUYHG�LQ�DOO�SKDVHV�RI�SODQDU�RULHQWHG�)(/&�DQG�LWV�SDUDPHWHUV�DUH�KHDYLO\�LPSXULW\�GH �SHQGLQJ��7KH�ODWWHU�GLVSHUVLRQ�UHJLRQ�KDV�EHHQ�VKRZQ�WR�EH�GXH�WR�ORFDO�PROHFXODU�RULHQWD �WLRQ� FKDQJH� LQ� WKH�QHDU�HOHFWURGH� UHJLRQ�KDYLQJ�D�WKLFNQHVV�HTXDO�WR�WKH�'HE\H�VKLHOGLQJOHQJWK��7KH��EOXUUHG��UHOD[DWLRQ�WLPH�LQ�VPHFWLF�SKDVHV�KDV�EHHQ�VXSSRVHG�WR�EH�FDXVHG�E\WKH� FRPSOH[� SURFHVV� RI� WKH� PROHFXODU� RULHQWDWLRQ� FKDQJH� LQFOXGLQJ� ERWK� FKDQJH� LQ� WKHVPHFWLF�WLOW�DQJOH�DQG�D�SDUWLDO�URWDWLRQ�DERXW�WKH�KHOLFRLG�D[LV�
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,W�ZDV� VKRZQ� ILUVW� LQ� >�@� IRU�YDULRXV�GL �HOHFWULF� OLTXLGV� DQG� QHPDWLF� OLTXLG� FU\VWDOV�/&�� WKDW� WKH� ORZ�IUHTXHQF\�GLHOHFWULF� VSHF �WURVFRS\�FDQ�EH�XVHG�DV�DQ�HIIHFWLYH�PHWKRGIRU� LQYHVWLJDWLRQ� RI� WKH� HOHFWURGH�OLTXLGFU\VWDO� LQWHUIDFH�� )XUWKHU� VWXGLHV� PDGH� LW

SRVVLEOH�WR�GHILQH�WKH�SURFHVVHV�UHVXOWLQJ�LQWKDW�WKH�HOHFWULF�ILHOG�LQ�WKH�VDPSOH�EHFRPHVLQKRPRJHQHRXV� XQGHU� FHUWDLQ� IUHTXHQFLHV�6XFK�SURFHVVHV� LQFOXGH�WKH�FKDUJH�H[FKDQJHDW� WKH� HOHFWURGH�OLTXLG� LQWHUIDFH� >�@�� LRQLFSRODUL]DWLRQ� RI� WKH� VDPSOH� >����@�� DQG� WKH

)XQFWLRQDO�0DWHULDOV�����1R��������� �������Û�,QVWLWXWH�IRU�6LQJOH�&U\VWDOV
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ORFDO� FKDQJHV� RI� PROHFXODU� RULHQWDWLRQ� LQWKH� QHDU�HOHFWURGH� UHJLRQ� >����@�� 8QGHU� DVXEVWDQWLDO� LQIOXHQFH� RI� VXFK� SKHQRPHQD�WKH�UHOD[DWLRQ�SURFHVV�SDUDPHWHUV�PHDVXUHGDW� ORZ� IUHTXHQFLHV� FDQ� FKDUDFWHUL]H� PDLQO\WKH�QHDU�HOHFWURGH�SURSHUWLHV� RI�/&�EXW�QRWEXON�PDWHULDO�RQHV�,W� LV� NQRZQ� >�Ü��@� WKDW� VRPH� VSHFLILFORZ�IUHTXHQF\�GLVSHUVLRQ�UHJLRQV�PD\�PDQL �IHVW� WKHPVHOYHV� LQ�GLHOHFWULF� VSHFWUD�RI� IHU �URHOHFWULF� OLTXLG� FU\VWDOV� �)(/&��� 7KHVH� UH �JLRQV� DUH� UHODWHG� ERWK� WR� FKDQJHV� RI� WKHPROHFXODU� WLOW� DQJOH� LQ� WKH� VPHFWLF� OD\HU�VRIW�PRGH��>�����@�DQG�WR�WKH�PROHFXOH�URWD �WLRQ� DERXW� WKH� KHOLFRLG� D[LV� �*ROGVWRQHPRGH�� >������@�� 6XFK� PRGHV� PD\� KDYH� DUHODWLYHO\� ORZ� IUHTXHQF\�� 7KHUHIRUH�� QRWRQO\� D� IUHTXHQF\� RYHUODS� EHWZHHQ� WKH� EXONDQG� VXUIDFH� UHOD[DWLRQ� SURFHVVHV� PD\� EHSRVVLEOH�EXW�DOVR�D�SUHVHQWDWLRQ�RI�WKH�SURF �HVVHV� FDXVHG� E\� VXUIDFH� SKHQRPHQD� DV� WKHEXON� RQHV�� :KHQ� FRQVLGHULQJ� WKH� SXEOLFD �WLRQV�DLPHG�DW�VWXGLHV�RI�VXFK�)(/&�GLHOHF �WULF� VSHFWUD�� LW� FDQ� EH� FRQFOXGHG� WKDW� WKHPDLQ�DLP�RI�HVVHQWLDOO\�DOO�WKRVH�ZRUNV�ZDVWR� GHILQH� ZKDW�PRGH� FRUUHVSRQGV� WR� D� VSH �FLILF� UHOD[DWLRQ� SURFHVV�� 7KH� SRVVLEOH� DS �SHDUDQFH�RI�GLVSHUVLRQ�UHJLRQV�GXH�WR�QHDU�HOHFWURGH� SURFHVVHV� ZDV� QRW� WDNHQ� LQWR� DF �FRXQW�LQ�HVVHQFH�7KHUHIRUH��WKH�PDLQ�SXUSRVH�RI�WKLV�ZRUNLV� WR� GHWHUPLQH� WKH� RYHUODS� H[WHQW� RI� EXONORZ�IUHTXHQF\� UHOD[DWLRQ� SURFHVVHV� ZLWKVXUIDFH� RQHV� DQG� KRZ� WKRVH� FDQ� PXWXDOO\LQIOXHQFH�7KH�VWXG\�REMHFW�ZDV�D�PL[WXUH�RI���S�KH[\�OR[\SKHQ\O���S�RFW\OR[\EHQ]RDWH�DQG���S�KH[\�OR[\SKHQ\O���S�GHF\OR[\EHQ]RDWH� ������ DQG�������E\�PDVV�� UHVSHFWLYHO\�� FRQWDLQLQJ�DSRODU�FKLUDO�DGPL[WXUH�/8&+���� �������E\PDVV��� 7KLV� )(/&� KDV� WKH� IROORZLQJ� SKDVHVWDWHV�DQG�SKDVH�WUDQVLWLRQ�WHPSHUDWXUHV�, ��� 1∗ ��� 6P$ ��� 6P&∗ ��� &�%RWK� SXUH� )(/&� DQG� WKDW� GRSHG� ZLWKVWURQJO\�DQG�ZHDNO\�GLVVRFLDWLQJ�LPSXULWLHVZHUH�VWXGLHG��7KH�'� DQG�'� G\HV�ZHUH�XVHGDV� WKH� ZHDNO\� GLVVRFLDWLQJ� GRSDQWV�� 7KHVWUXFWXUH�IRUPXODV�RI�G\HV�DUH�SUHVHQWHG�LQ)LJ����� 7KH� G\H� FRQFHQWUDWLRQ� LQ� WKH� )(/&ZDV� ���� WR� ���� �� E\� PDVV�� 7HWUDEXW\ODP�PRQLXP� LRGLGH� �7,�� ����� �� E\� PDVV�� ZDVXVHG� DV� WKH� VWURQJO\� GLVVRFLDWLQJ� GRSDQW�7KH�SRODUL]DWLRQ�PLFURVFRS\�KDV�VKRZQ�WKDWQHLWKHU� ZHDNO\� GLVVRFLDWLQJ� LPSXULWLHV� QRUWKH� VWURQJO\� GLVVRFLDWLQJ� RQH� �LQ� WKH� DERYHFRQFHQWUDWLRQV�� LQIOXHQFH� HVVHQWLDOO\� WKH

SKDVH� VWDWHV� DQG� SKDVH� WUDQVLWLRQ� WHPSHUD �WXUHV�7KH�SODQDU�VDPSOH�RULHQWDWLRQ�ZDV�VHW�E\UXEEHG� SRO\LPLGH�� 7KH� VDPSOHV� XVHG� LQ� WKHVWXG\� KDG� WKH� VDQGZLFK� VWUXFWXUH�� 7KH)(/&�WKLFNQHVV��G��ZDV�VHW�ZLWKLQ�OLPLWV�RI���WR����µP��7KH�PHDVXUHPHQWV�ZHUH�PDGHPDLQO\� RQ� WKH� G  ����µP� VDPSOHV�� 7KH� SR�ODUL]DWLRQ�PLFURVFRS\�KDV�VKRZQ�WKDW�ZLWKLQVXFK� VDPSOH� WKLFNQHVV� UDQJH�� WKH� SHUIHFWKRPRJHQHRXV�KRPHRWURSLF�RU�SODQDU�RULHQWD �WLRQ�DUH�DWWDLQHG�RQO\�IRU�WKH�FKLUDO�QHPDWLF�1
�� SKDVH�� 6PHFWLF� SKDVHV� �6P$�� 6P&
�ZHUH�QRW�RULHQWHG�LQ�D�VWULFWO\�KRPRJHQHRXVIDVKLRQ�$V�LQ�>�@��WKH�FDSDFLW\�& DQG�UHVLVWDQFH�5LQ�WKH���Ü� WR���� +]�IUHTXHQF\�UDQJH�ZHUHPHDVXUHG�XVLQJ�RVFLOORVFRSLF� WHFKQLTXH� >��@LQ�WKH�SDUDOOHO�VXEVWLWXWLRQ�VFKHPH��7KH�WUL �DQJXODU�PHDVXULQJ� YROWDJH� SXOVH� DPSOLWXGH8� ZDV�YDULHG�ZLWKLQ�OLPLWV�RI�����WKURXJK��9��7KH�PHDVXUHPHQWV�ZHUH�PDGH�PDLQO\�DW8�  ������9��7KH�WHPSHUDWXUH�ZDV�VWDELOL]HGWR�ZLWKLQ� ����.�XVLQJ�D�KRPH�PDGH� WKHUPR �VWDW�ZLWK�ORZ�HOHFWURPDJQHWLF�QRLVH�OHYHO�)URP� WKH�PHDVXUHG� & DQG�5 YDOXHV�� WKHFRPSOH[� SHUPLWWLYLW\� FRPSRQHQWV� ε′ DQG� ε′′ZHUH� GHWHUPLQHG�XVLQJ� WKH�NQRZQ� FHOO� JHR �PHWULF� SDUDPHWHUV�� )LJ���� SUHVHQWV� WKH� IUH �TXHQF\� GHSHQGHQFHV� RI� ε′′ IRU� WKH� 6P&
SKDVH� � RI� SODQDU�RULHQWHG� SXUH� )(/&� ����)(/&�������'� �����)(/&�������7, ����DVZHOO� DV� IRU� KRPHRWURSLFDOO\� RULHQWHG� SXUH)(/&������PHDVXUHPHQWV�ZHUH�PDGH�DW�WHP �SHUDWXUHV� SUHVHQWHG� LQ� 7DEOH����� ,W� LV� VHHQWKDW�IRU�DOO�VDPSOHV��WKHUH�LV�DQ� ε′′ PD[LPXPQHDU� I  ����� +]� �WKH� GLVSHUVLRQ� UHJLRQ� ,��&RQVLGHUDWLRQ�RI�H[SHULPHQWDO� ε′′�ε′��GHSHQG�HQFHV� �&ROH�&ROH� GLDJUDPV�� KDV� VKRZQ� WKDW�LQGHSHQGHQW� RI� WKH� )(/&� RULHQWDWLRQ� DQGLPSXULW\�SUHVHQFH��WKRVH�FDQ�EH�DSSUR[LPDWHGE\�KDOI�FLUFOHV��WKDW� LV��GHVFULEHG�PDWKHPDWL �FDOO\�EDVLQJ�RQ�WKH�'HE\H�HTXDWLRQ
ε�∗ = ε∞� +

εV� − ε∞�� + LωτO � ���

&++&&2+�& 2 1 &+�&+�

&++&&2 1 &+�&+�&+�2
�

�)LJ�����6WUXFWXUH�RI�'� ����DQG�'� ����G\HV�
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ZKHUH� ε�∗ LV� WKH� FRPSOH[� SHUPLWWLYLW\�� εV�DQG� ε∞��� WKH� SHUPLWWLYLW\� YDOXHV� IRU� I  �∞DQG�I  ����UHVSHFWLYHO\��τ���WKH�GLHOHFWULF�UH�OD[DWLRQ�WLPH��,Q�7DEOH����SUHVHQWHG�DUH�WKH
τ� YDOXHV� IRU� )(/&� DW� GLIIHUHQW� PROHFXODURULHQWDWLRQV�DQG�LPSXULW\�FRQFHQWUDWLRQV��,WIROORZV�IURP�WKH�GDWD�REWDLQHG�WKDW�WKHUH�LVQR� VXEVWDQWLDO� GLVWLQFWLRQV� LQ� τ� IRU� GLIIHU�HQW� VDPSOHV� �WKH� GLIIHUHQFHV� GR� QRW� H[FHHG�����RI�WKH�DYHUDJH�YDOXH��,W�LV�WR�QRWH�WKDW�WKH�GLVSHUVLRQ�UHJLRQ�,LV�REVHUYHG�RQO\�LQ�6P$ DQG�6P&
 SKDVHV�RIWKH� )(/&�� ,W� LV� MXVW� WKH� WHPSHUDWXUH� GH �SHQGHQFH� RI� τ� QHDU� WKH� 6P$±6P&
 SKDVHWUDQVLWLRQ�>�Ü��@�WKDW�LV�RI�PRVW�LPSRUWDQFHIRU�H[SODQDWLRQ�RI�WKH�IRUPDWLRQ�PHFKDQLVPRI�WKH�DERYH�PHQWLRQHG�UHJLRQ��)LJ����VKRZVWKDW�GHSHQGHQFH�IRU�WKH�)(/&�������'���,WIROORZV�IURP�WKHVH�GDWD�WKDW� τ� LQFUHDVHV�DVWKH� WHPSHUDWXUH� DSSURDFKHV� WKH� 7& YDOXHFKDUDFWHULVWLF� IRU� WKH� WUDQVLWLRQ�PHQWLRQHG�

$FFRUGLQJ�WR�>�Ü��@��WKLV�UHOD[DWLRQ�SURFHVVDQVZHUV�WR�WKH�VRIW�PRGH�DQG�LV�GHVFULEHG�DV
τ� = D7 − 7F� ���

ZKHUH�D LV�D�IDFWRU��)RU�WKH�GDWD�SUHVHQWHGLQ�)LJ�����D  ���N+]�.��7KLV�YDOXH�LV�DOPRVWRQH� GHFLPDO� RUGHU� ORZHU� DV� FRPSDUHG� WRWKRVH�REWDLQHG�IRU�PDQ\�RWKHUV�)(/&�>�Ü��@WKDW�PD\� EH� GXH� WR� WKH� YHU\� QDUURZ� UDQJHRI�WKH�6P$ SKDVH�DQG�WR�D�VWURQJ�HIIHFW�RIWKH�1
±6P$ SKDVH�WUDQVLWLRQ��,W�IROORZV�DOVRIURP�WKH�)LJ����WKDW�WKH� τ� YDOXHV�IRU�6P&
DQG� 6P$ SKDVHV� DUH� YHU\� FORVH� WRJHWKHU�7KH� ZHDN� τ��7�� GHSHQGHQFH� LQ� WKH� 6P&
SKDVH�DOORZV� WR�VXSSRVH�WKDW�LQ�WKDW�SKDVH�WKH� UHOD[DWLRQ� SURFHVV� LV� GXH� WR� WKH� *ROG �VWRQH�PRGH�7KH�τ� ZDV�VWXGLHG�DOVR�DV�D�IXQFWLRQ�RIWKH� PHDVXULQJ� YROWDJH� 8��� ,W� IROORZV� IURPWKH�7DEOH���WKDW�WKH�τ� YDOXH�UHPDLQV�HVVHQ�WLDOO\� WKH� VDPH� DV� 8� YDULHV� IURP� ���� WR���9��7KLV� IDFW� HYLGHQFHV� WKDW� WKH�PHDVXU �LQJ� VLJQDO� LV� VHOHFWHG� FRUUHFWO\�� GRHV� QRW
7DEOH����'HSHQGHQFH�RI�SDUDPHWHUV�FKDUDFWHUL]LQJ�WKH� ORZ�IUHTXHQF\�GLVSHUVLRQ�UHJLRQV�,�DQ G�,,RQ�WKH�)(/&�PROHFXODU�RULHQWDWLRQ�DQG�WKH�SUHVHQFH�RI�VWURQJO\�DQG�ZHDNO\�GLVVRFLDWLQJ�LPS XUL�WLHV�WKHUHLQ6DPSOH�1R� 2ULHQWDWLRQ ���z τ���PV τ���V α� :�PXr9� 9�P{P σ'v �� ≈ ����z��

Ω−� ⋅ P−�
)(/& SODQDU ����� ���� ��� ���� ���� ���⋅��Ü�)(/& KRPHRWU� ����� ���� ���⋅��Ü�)(/&�����'� SODQDU ����� ���� ��� ���� ���� ���⋅��Ü�)(/&���� '� SODQDU ����� ���� ��� ���� ���� ���⋅��Ü�

)LJ����� 7HPSHUDWXUH� GHSHQGHQFH� RI� τ� QHDUWKH� 6P&
±6P$ SKDVH� WUDQVLWLRQ� IRU� SODQDU�RULHQWHG�)(/&�������'��� 7KH�VDPSOH� WKLFN�QHVV�G  ����µP�)LJ�����)UHTXHQF\�GHSHQGHQFHV�RI�ε′′ IRU�SODQDU�RULHQWHG� SXUH� )(/&� ����� )(/&�������'� ����)(/&�������7,� �����DQG�KRPHRWURSLF�RULHQWHGSXUH�)(/&������7KH�PHDVXULQJ�WHPSHUDWXUHV�VHH7DEOH����7KH�VDPSOH�WKLFNQHVV�G  ����µP�
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FDXVH� WKH� V\VWHP� VDWXUDWLRQ� DQG� LV� KLJKHQRXJK�WR�SURYLGH�D�JRRG�VLJQDO�QRLVH�UDWLR�(YHQ� WKH� KLJKHVW� YROWDJHV� IURP� WKH� DERYHUDQJH� ZHUH� LQVXIILFLHQW� WR� VXSSUHVV� WKH*ROGVWRQH�PRGH� DQG� UHYHDO� WKH� VRIW� RQH� LQ6P&
 DJDLQVW� WKH� *ROGVWRQH� PRGH� EDFN �JURXQG��7KHUHIRUH�� WKH� VRIW�PRGH� H[LVWHQFHLQ� WKH� 6P&
 SKDVH� RI� WKH� )(/&� VWXGLHG� LVVWLOO� XQFOHDU� DQG� UHTXLUHV� D� IXUWKHU� VWXG\�7KXV�� WKH� GDWD� REWDLQHG� DOORZ� XV� WR� FRQ �FOXGH� WKDW� WKH� GLVSHUVLRQ� UHJLRQ� ,� LQ� WKH6P$ SKDVH� DQVZHUV� WR� WKH� VRIW�PRGH�ZKLOHLQ� WKH� 6P&
 SKDVH�� LW� LV� PRVW� OLNHO\� WKH*ROGVWRQH�PRGH�8QOLNH�WKH�GLVSHUVLRQ�UHJLRQ�,��WKH�,,�RQHLV� REVHUYDEOH� LQ� DOO� SKDVHV� RI� WKH� SODQDURULHQWHG�)(/&�� LQFOXGLQJ�WKH�LVRWURSLF�RQH�,W� IROORZV� IURP� WKH� )LJ���� WKDW� WKHUH� LV� QRVXFK�ORZ�IUHTXHQF\�GLVSHUVLRQ�UHJLRQ�DW�WKHKRPHRWURSLF�)(/&�RULHQWDWLRQ��7KH�LQFUHDVHRI�ε′′ VHHQ�LQ�)LJ���� LV�FDXVHG�E\�UHOD[DWLRQSURFHVV� WKDW� LV� GXH� WR� WKH� WXQQHOHG� FKDUJHH[FKDQJH� DW� WKH� )(/&�HOHFWURGH� LQWHUIDFH�7KLV� UHOD[DWLRQ�NLQG� LV� REVHUYDEOH�QRW� RQO\LQ�SODQDU�RULHQWHG�)(/&�EXW�LQ�DQ\�OLTXLG�DWDOO� >����@� DQG� LV� QRW� UHODWHG� GLUHFWO\� WR� WKHPROHFXODU� RULHQWDWLRQ�� 7KXV�� LWV� FRQVLGHUD �WLRQ�LV�RXW�RI�WKH�IUDPH�RI�WKLV�ZRUN�7KH� &ROH�&ROH� GLDJUDP� DQDO\VLV� IRU� WKHGLVSHUVLRQ�UHJLRQ�,,�VKRZV�WKDW�IRU�,�DQG�1
SKDVHV�� WKRVH� DUH� RI� KDOI�FLUFXODU� VKDSH�WKXV��DUH�GHVFULEHG�DOVR�E\�WKH�UHODWLRQVKLS����� )RU� 6P$ DQG� 6P&
 SKDVHV�� WKH� &ROH�&ROH�GLDJUDPV�DUH�DUF�VKDSHG��$FFRUGLQJ�WR>�@��WKLV�DQVZHUV�WR�WKH�&ROH�&ROH�GLVSHUVLRQ
ε�∗ = ε∞� +

εV� − ε∞�� + (Lωτ�)�−α�� ���
ZKHUH�α� LV�WKH�&ROH�&ROH�SDUDPHWHU�7DEOH��� SUHVHQWV� WKH� SDUDPHWHUV� FKDUDF �WHUL]LQJ� WKH� GLVSHUVLRQ� UHJLRQ� ,,� IRU� ERWKSXUH�)(/&�DQG� IRU� WKH�PDWHULDO� FRQWDLQLQJYDULRXV�GRSDQWV��7KH�FRQGXFWLYLW\� σ'& GDWDIRU�WKRVH�VXEVWDQFHV�LQ�WKH�1
 SKDVH�DUH�DOVRSUHVHQWHG�� 7KH� σ$& YDOXH� LQ� 6P&
 SKDVHFDQQRW� EH� FRPSDUHG�� VLQFH�� DV� LV� VKRZQ� LQ>��@�� LW� LV� GXH�QRW� RQO\� WR�SUHVHQFH�RI� LRQVEXW� DOVR� WR� QRQOLQHDU� HOHFWULF� SURSHUWLHV� RIVPHFWLF� SKDVHV�� ,W� IROORZV� IURP� H[SHULPHQ �WDO� GDWD� WKDW� WKH� UHOD[DWLRQ� WLPH� τ� �WKHGLVSHUVLRQ� UHJLRQ� ,,�� GHSHQGV� RQ� WKH� LPSX �ULW\�FRQFHQWUDWLRQ�LQ�D�PRUH�VWURQJ�PDQQHUWKDQ�τ� GRHV��:KHQ�FRPSDULQJ� τ� ZLWK�τ'&�LW� LV� VHHQ� WKDW� WKHVH� TXDQWLWLHV� DUH� LQ� DS �SUR[LPDWHO\�LQ�LQYHUVH�SURSRUWLRQ�WR�RQH�DQ �RWKHU�

$QRWKHU� VXEVWDQWLDO� IHDWXUH� RI� WKH� GLV �SHUVLRQ�UHJLRQ� ,,� FRQVLVWV� LQ�KLJK� ε′′ YDOXHVDWWDLQLQJ� ��� LQ�PD[LPXP��)LJ����� ,W� LV� WRQRWH�WKDW�LQ�WKH�VDPH�IUHTXHQF\�UDQJH�� ε′ LVUDWKHU� KLJK�� WRR�� 6LQFH� WKH� KLJK� ε′′ DQG� ε′YDOXHV�DUH�REVHUYHG�LQ� , DQG�1� SKDVHV��WKLVFDQQRW� EH� UHODWHG� WR� VSRQWDQHRXV� SRODUL]D �WLRQ��,W�ZDV�VXSSRVHG�>�@�WKDW�WKLV�LV�GXH�WRWKH� IDFW� WKDW� WKH� ILHOG� LQ� WKH� VDPSOH� EH �FRPHV� LQKRPRJHQHRXV� DW� VXFK� ORZ� IUHTXHQ �FLHV�� 7KH� PDLQ� IUDFWLRQ� RI� WKH� ILHOG� LV� DS �SOLHG�WR�WKH�QHDU�HOHFWURGH�OD\HU�RI�WKH�VDP �SOH�� 7R� GHWHUPLQH� WKH� WKLFNQHVV� RI� WKDWOD\HU��:�� OHW�XV�DVVXPH��DV�LQ�>�@��WKDW� WKHQHDU�HOHFWURGH� OD\HU� SDUDPHWHUV� DUH� WKHVDPH�DW�ERWK�HOHFWURGHV�DQG�WKH�SHUPLWWLYLW\LV� WKH� VDPH� LQ� WKH�QHDU�HOHFWURGH� OD\HU� DQGLQ�WKH�VDPSOH�EXON��7KHQ
: = �Gε∞�

εV� � ���
7KH� : YDOXHV� IRU� YDULRXV� VDPSOHV� DUHSUHVHQWHG�DOVR�LQ�7DEOH����7KRVH�DUH�VHHQ�WREH�DV� VPDOO� DV� VHYHUDO� WHQWKV�RI� µP��,W� IRO�ORZV�IURP�WKH�GDWD�REWDLQHG�WKDW��XQOLNH� τ��: LV� OHVV� GHSHQGHQW� RQ� WKH� LQWURGXFHG� LP �SXULW\�W\SH�,W�LV�VKRZQ�>�@�WKDW�LQ�QHPDWLF�/&��: LVHTXDO� WR� WKH� 'HE\H� VFUHHQLQJ� OHQJWK�� 7RFKHFN�LI�WKLV�FRQGLWLRQ�LV�IXOILOOHG�IRU�)(/&�WKH� LRQ� FRQFHQWUDWLRQV� ZHUH� GHWHUPLQHG� LQH[SHULPHQW��7R�WKDW�HQG��WKH�FKDUJH�FDUULHUPRELOLW\�� µ�� ZDV� PHDVXUHG� XVLQJ� WKH� WHFK�QLTXH� SURSRVHG� LQ� >��@�� 7KH� WUDQVLWLRQ� FXU �UHQW� PD[LPXP� QHFHVVDU\� WR� GHWHUPLQH� WKHFKDUJH�WUDQVIHU�WLPH�EHWZHHQ�WKH�HOHFWURGHV�KRZHYHU�� ZDV� REVHUYHG� QHLWKHU� LQ� SXUH� QRUGRSHG� )(/&�� 7KXV�� ZH� FDQ� VXSSRVH� RQO\WKDW� : LV� HTXDO� WR� WKH� 'HE\H� VFUHHQLQJOHQJWK� LQ� )(/&�� WRR�� 7KLV� LV� FRQILUPHG� LQSDUW�E\�WKH�IDFW�WKDW�WKH�: YDOXH�LV�KLJKHULQ� WKH� )(/&� VWXGLHG� WKDQ� LQ� QHPDWLFV�� ,IWKH� FKDUJH� FDUULHU� PRELOLW\� LQ� )(/&� DQGQHPDWLFV� LV� DVVXPHG� WR� EH� WKH� VDPH�� WKHQ�

7DEOH����7KH�SDUDPHWHUV�FKDUDFWHUL]LQJ�WKHORZ�IUHTXHQF\� GLVSHUVLRQ� UHJLRQV� ,� DQG� ,,IRU� WKH� SXUH� SODQDU�RULHQWHG� )(/&� RQ� WKHPHDVXULQJ� VLJQDO� YROWDJH� 8��� 7  �����.�6P&
�8���9 τ���PV τ���V α����� ���� ���� �������� ���� ���� �������� ���� ���� �������� ���� ���� ����
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WDNLQJ� LQWR� DFFRXQW� WKH� ORZHU� FRQGXFWLYLW\RI� )(/&� DV� FRPSDUHG� WR� WKDW� RI� QHPDWLFV�WKH�'HE\H�VKLHOGLQJ�OHQJWK�LQ�)(/&�PXVW�EHODUJHU�� &RPSDULVRQ� RI� WKH� : YDOXHV� RE�WDLQHG�ZLWK�GDWD� IURP�>����@� HYLGHQFHV� WKDWLW�LV�WKH�FDVH�LQ�IDFW�,W� FDQ� EH� FRQFOXGHG� IURP� WKH� GDWD� SUH �VHQWHG� LQ� 7DEOH��� WKDW� SDUDPHWHUV� FKDUDF �WHUL]LQJ� WKH� GLVSHUVLRQ� UHJLRQ� ,,� GHSHQGVOLJKWO\� RQ�8��� WRR�� 1RWH� WKDW� DW� KLJK� 8��WKHUH� LV� D� GLVWLQFWLRQ� DV� FRPSDUHG� WR� WKHGLVSHUVLRQ� UHJLRQ� ,��:KLOH� DW� 8�  ���9�� τ�LQFUHDVHV��DV�FRPSDUHG�WR�YDOXHV�REWDLQHG�DWORZHU�8����τ� GHFUHDVHV�LQ�WKLV�FDVH�$OO�WKH�DERYH�PHQWLRQHG�VSHFLILF�IHDWXUHVRI� WKH� GLVSHUVLRQ� UHJLRQ� ,,� DOORZ� WR� EHOLHYHWKDW�LW�LV�GXH�WR�D�ORFDO�PROHFXODU�RULHQWDWLRQFKDQJH�LQ�WKH�QHDU�HOHFWURGH�OD\HU�KDYLQJ�WKHWKLFNQHVV� HTXDO� WR� WKH� 'HE\H� VFUHHQLQJOHQJWK��,W�LV�RI�LQWHUHVW�WR�GLVFXVV�ZK\�WKLVUHOD[DWLRQ� SURFHVV� LQ� VPHFWLF� )(/&� SKDVHVLV� GHVFULEHG� E\� WKH� &ROH�&ROH� GLVSHUVLRQ�WKDW� LV�� WKH� UHOD[DWLRQ� WLPH� KDV� QR� VSHFLILFYDOXH� EXW� LV� FKDUDFWHUL]HG� E\� D� FHUWDLQ�GLV �WULEXWLRQ�IXQFWLRQ�,W� IROORZV� IURP� WKH� FRQFOXVLRQ� RQ� WKHPHFKDQLVP�RI� GLVSHUVLRQ� UHJLRQ� ,,� WKDW� WKHIRXQG�UHOD[DWLRQ� WLPHV� FKDUDFWHUL]H� WKH�G\ �QDPLFV�RI�PROHFXODU�RULHQWDWLRQ�LQ�WKH�QHDU�HOHFWURGH� OD\HU��6XFK�G\QDPLFV� LV�GHVFULEHGEDVLQJ�RQ�WKH�PRPHQWXP�EDODQFH�IRU�HODVWLFDQG�YLVFRXV�IRUFH��)RU�QHPDWLF�/&��WKH�PR �PHQWXP�EDODQFH�HTXDWLRQV�KDV�WKH�IRUP�>��@
.��G�ΘG]� = γGΘGW �� ���

ZKHUH�.�� LV� WKH� )UDQN� HODVWLF� PRGXOH�� Θ�WKH� GHYLDWLRQ� DQJOH� RI� WKH� PROHFXOHV� IURPWKH� GLUHFWRU� DW� ]HUR� HOHFWULF� ILHOG� VWUHQJWK�IRU�SODQDU�PROHFXODU�RULHQWDWLRQ��WKLV�DQJOHLV�LQ�PRVW�FDVHV�WKH�DQJOH�ZLWK�WKH�VXEVWUDWHSODQH��� γ�� WKH� YLVFRVLW\�� :KHQ� PHDVXULQJWKH�IUHTXHQF\�GHSHQGHQFHV�RI� ε′ DQG�ε′′�� WKHPHDVXULQJ�VLJQDO�YROWDJHV�ZHUH�PXFK�ORZHUWKDQ� WKH� WKUHVKROG�YDOXH� IRU�)UHGHULFNV� HI �IHFW��7KHUHIRUH��FKDQJH� LQ�Θ PXVW�EH�LQVLJ�QLILFDQW��,Q�WKLV�FDVH��WKH�(T�����KDV�DQ�DQD �O\WLFDO�VROXWLRQ�FRQVLVWLQJ�RI�D�VHULHV�RI�KDU �PRQLFV�ZLWK�WLPH�FRQVWDQWV�
τQ = γ:�

π�.��(�Q + �)�� ���
ZKHUH�Q LV� WKH�KDUPRQLF� RUGHU��$W� VPDOO� ΘFKDQJHV��WKH�DERYH�UHODWLRQVKLSV�FDQ�EH�XVHGDOVR� IRU� 1� SKDVH�� 7KDW� LV� ZK\� IRU� WKDW

SKDVH�� D� UHOD[DWLRQ� SURFHVV�ZLWK� RQH� VLQJOHUHOD[DWLRQ�WLPH�LV�REVHUYHG�,Q� VPHFWLF� SKDVHV�� WKH� PRPHQWXP� EDO �DQFH� HTXDWLRQ� FKDUDFWHUL]HV� DV� D� UXOH� WKHG\QDPLFV� RI� WKH� VSRQWDQHRXV� SRODUL]DWLRQYHFWRU�>��@�
γϕVLQ�ΘGϕGW = .ϕVLQ�ΘG�ϕG]� − 36(VLQϕ� ���

ZKHUH� γϕ LV� WKH� URWDWLRQ� YLVFRVLW\�� ϕ�� D]L�PXWK� DQJOH� RI� PROHFXOH� URWDWLRQ� DERXW� WKHKHOLFRLG�D[LV��(��WKH�HOHFWULF�ILHOG�VWUHQJWK�7KH�UHODWLRQVKLS�����GHVFULEHV�WKH�*ROGVWRQHPRGH�G\QDPLFV��%XW�ZH�KDYH�VKRZQ�WKDW�WKHEXON� SRODUL]DWLRQ� SURFHVVHV� DUH� UHODWHGPDLQO\� WR� WKH� VRIW� PRGH�� ,I� WKH� PROHFXODURULHQWDWLRQ� G\QDPLFV� ZRXOG� EH� GHILQHG� E\WKH�Θ DQJOH� RQO\� DOVR� LQ� WKH� QHDU�HOHFWURGHOD\HU�� WKHQ� WKH� 'HE\H� GLVSHUVLRQ� VKRXOG� EHREVHUYHG�LQ�VPHFWLF�SKDVHV��WRR��7KH�FHUWDLQGLVWULEXWLRQ� IXQFWLRQ� RI� UHOD[DWLRQ� WLPH�&ROH�&ROH�GLVSHUVLRQ��SUHVHQW�LQ�WKH�GLVSHU �VLRQ� UHJLRQ� ,,� DOORZV� WR� VXSSRVH� WKDW� WKHSUHGRPLQDWLQJ�PROHFXOH�GHYLDWLRQ�DORQJ�WKH
Θ DQJOH� LV�DFFRPSDQLHG�E\�D�VOLJKW�URWDWLRQDERXW� WKH� KHOLFRLG� D[LV�� 7KHUHIRUH�� ZKHQFRQVLGHULQJ� WKH� PROHFXODU� RULHQWDWLRQ� G\ �QDPLFV� LQ� WKH� VPHFWLF� QHDU�HOHFWURGH� OD\HU�QRW�RQO\�(T�����EXW�LQ�SDUW�DOVR�WKH�(T�����LVWR�EH�WDNHQ�LQWR�DFFRXQW��,W�LV�MXVW�WKH�HOHF �WURGH� VXUIDFH� LQKRPRJHQHLW\� WKDW� PD\� EHDPRQJ�UHDVRQV�IRU�WKH�PRGH�PL[LQJ��LWV�HI �IHFW�LV�GHVFULEHG�LQ�GHWDLO�LQ�>��@��7KH�SRVVL �ELOLW\�WR�GHVFULEH�WKH�FRPSOH[�SURFHVV�RI�PR �OHFXODU� RULHQWDWLRQ� FKDQJH� LQ� WKH� QHDU�HOHF �WURGH� OD\HU� EDVLQJ� RQ� D� VLQJOH� UHODWLRQVKLSZLOO�EH�GLVFXVVHG�LQ�D�IXUWKHU�ZRUN�,W�IROORZV�IURP�)LJ����WKDW�WKH�GLVSHUVLRQUHJLRQV� ,�DQG�,,�DUH�UDWKHU�FORVH�WR�RQH�DQ �RWKHU� RQ� WKH� IUHTXHQF\� VFDOH� EHLQJ� HVVHQ �WLDOO\� RYHUODSSHG� IRU� WKH� )(/&������� 7,�7KHUHIRUH��LW�LV�RI�LQWHUHVW�WR�FRQVLGHU�UHOD �WLRQVKLSV� EHWZHHQ� WKH� EXON� DQG� QHDU�HOHF �WURGH� UHOD[DWLRQ� SURFHVVHV�� 7KLV� TXHVWLRQFDQ� EH� DQVZHUHG� LQ� SDUW� E\� DQDO\]LQJ� WKHPD[LPXP�ε′′ YDOXH�IRU�WKH�GLVSHUVLRQ�UHJLRQ,��7KH� H[SHULPHQWDO� GDWD� REWDLQHG� HYLGHQFHWKDW� ε′′PD[ GHSHQGV� QRW� RQO\� RQ� PROHFXODURULHQWDWLRQ� EXW� DOVR� RQ� WKH� LPSXULW\� SUHV �HQFH��7KH�GRSDQWV�LQWURGXFHG�GLG�QRW�HIIHFWWKH� SKDVH� WUDQVLWLRQ� WHPSHUDWXUHV�� DV�PHQ �WLRQHG� DERYH�� 7KXV�� WKH� EXON� )(/&�SURSHU �WLHV�PXVW�UHPDLQ�XQFKDQJHG�LQ�WKH�SUHVHQFHRI� VXFK� LPSXULWLHV�� 7KHUHIRUH�� WKH� GLVSHU �VLRQ� UHJLRQ� ,� LV� WR� EH� VXSSRVHG� WR� FRUUH �VSRQG� QRW� WR� EXON� SURFHVVHV� LQ� WKH� VWULFW
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VHQVH�EXW�WR��H[WHQGHG��QHDU�HOHFWURGH�RQHV�7KLV� VXSSRVLWLRQ� FRPELQHG� ZLWK� WKH� (T����UHVXOWV� LQ� WKH�FRQFOXVLRQ�WKDW�WKH�KLJKHU� LV
ε′′PD[ YDOXH��WKH�QDUURZHU�LV�WKH�UHJLRQ�ZKHUHWKH�PROHFXODU�RULHQWDWLRQ�FKDQJHV��$V�LV�VHHQLQ� )LJ����� WKH� KLJKHVW� ε′′PD[  ����� ZDV� RE�WDLQHG� IRU� WKH� )(/&������� '��� ,W� IROORZVIURP� (T����� WKDW� WKH� OD\HU� ZKHUH� WKH� PR �OHFXODU� RULHQWDWLRQ� WDNHV� SODFH� SUHGRPL �QDQWO\� LV� ���� µP�� 7KLV� LV� RQH� RUGHU� ODUJHUWKDQ� WKH� OD\HU� ZKHUH� UHOD[DWLRQ� SURFHVVFDXVLQJ�WKH�GLVSHUVLRQ�UHJLRQ�,,�WDNHV�SODFH�7KXV�� WZR� GLVSHUVLRQ� UHJLRQV�� ,� DQG� ,,�KDYH� EHHQ� UHYHDOHG� LQ� GLHOHFWULF� VSHFWUD� RI)(/&� FRQVLVWLQJ� RI� D� PL[WXUH� RI� ��S�KH[\�OR[\SKHQ\O���S�RFW\OR[\EHQ]RDWH� DQG� ��S�KH[\OR[\SKHQ\O���S�GHF\OR[\EHQ]RDWH� �����DQG��������E\�PDVV��UHVSHFWLYHO\��FRQWDLQ �LQJ� D� SRODU� FKLUDO� DGPL[WXUH� /8&+����������E\�PDVV���7KH�KLJKHU�IUHTXHQF\�GLV �SHUVLRQ� UHJLRQ� ,� KDV� EHHQ� VKRZQ� WR� EH� GXHWR� WKH� VRIW�PRGH� LQ� 6P$ SKDVH� DQG� WR� WKH*ROGVWRQH� RQH� LQ� 6P&
�� 7KH� GLVSHUVLRQ� SD�UDPHWHUV�LQ�WKLV�UHJLRQ�DUH�HVVHQWLDOO\�LQGH �SHQGHQW�RI�WKH�GRSDQW�SUHVHQFH�DQG�PROHFX �ODU�RULHQWDWLRQ�7KH� GLVSHUVLRQ� UHJLRQ� ,,� LV� GXH� WR� ORFDOFKDQJH�RI�PROHFXODU�RULHQWDWLRQ�LQ�WKH�QHDU�HOHFWURGH� OD\HU� RI� D� WKLFNQHVV� HTXDO� WR� WKH'HE\H�VFUHHQLQJ�OHQJWK��7KH�UHDVRQV�IRU�GH �SHQGHQFH� RI� SDUDPHWHUV� FKDUDFWHUL]LQJ� WKLVGLVSHUVLRQ� UHJLRQ� RQ� WKH� GRSDQW� SUHVHQFHKDYH� EHHQ� HOXFLGDWHG�� 7KLV� UHOD[DWLRQ� SURF �HVV�LQ�LVRWURSLF�DQG�FKLUDO�QHPDWLF�SKDVHV�LVGHVFULEHG� E\� WKH� 'HE\H� HTXDWLRQ� ZKLOH� LQVPHFWLF�RQHV��E\�WKH�&ROH�&ROH�HTXDWLRQ��7KH�EOXUUHG��UHOD[DWLRQ�WLPH�LQ�VPHFWLF�SKDVHVPD\�EH�FDXVHG�E\�FRPSOH[�FKDUDFWHU�RI� WKHRULHQWDWLRQ� FKDQJH� LQYROYLQJ� D� URWDWLRQ� RIPROHFXOHV� DERXW� WKH� KHOLFRLG� D[LV� LQ� DGGL �WLRQ� WR� WKHLU�GHYLDWLRQ� LQ� WKH�SODQH�RI� WKDWD[LV��7KH�GHSHQGHQFH�RI�PD[LPXP� ε′′ YDOXH

�LQ� WKH� GLVSHUVLRQ� UHJLRQ� ,�� RQ� WKH� GRSDQWFRQFHQWUDWLRQ� LV� VXSSRVHG� WR� EH� GXH� WR� DSDUWLDO� ORFDOL]DWLRQ� RI� WKH� SURFHVV� LQ� WKHQHDU�HOHFWURGH� OD\HU�� 7KH� HVWLPDWHG� WKLFN �QHVV�RI�WKDW�OD\HU�KDV�EHHQ�VKRZQ�WR�H[FHVVE\�RQH�RUGHU�WKH�'HE\H�VFUHHQLQJ�OHQJWK�$XWKRUV� DFNQRZOHGJH� 3URI�/�$�.XWXO\DDQG� 'U�9�9�9DVKFKHQNR� IRU� DVVLVWDQFH� LQ)(/&�SUHSDUDWLRQ�5HIHUHQFHV���$�9�.RYDO�FKXN�� )XQFWLRQDO� 0DWHULDOV�� ���������������$�9�.RYDO�FKXN�� )XQFWLRQDO� 0DWHULDOV�� ���������������$�6DZDGD�� +�6DWR�� $�0DQDEH� HW� DO��� -SQ��-�$SSO��3K\V���������������������0�<�-LQ�� -��-�.LP�� -��3K\V��&RQGHQV��0DWWHU������������������$�9�.RYDO�FKXN�� 7HFKQLFDO� 3K\VLFV� /HWWHUV��������������������$�9�.RYDO�FKXN�� 7HFKQLFDO� 3K\VLFV� /HWWHUV������������������/�0�%OLQRY�� /�$�%HUHVQHY�� 8VS��)L]��1DXN��������������������*�&KLODMD�� 9�*�&KLJULQRY�� 8VS��)L]��1DXN������ �����������$�/HYVWLN�� 7�&DUOVVRQ�� &�)LOLSLF� HW� DO��� 3K\V�5HY��$����������������������5�-�&DYD�� -�6�3DWHO�� .�5�&ROOHQ� HW� DO��� 3K\V�5HY��$���������������������+�;X��-�.�9LM��$�5DSSDSRUW�HW�DO���3K\V��5HY�/HWW����������������������$�/HYVWLN�� =�.XWQMDN�� &�)LOLSLF� HW� DO��� 3K\V�5HY��$����������������������)�-�7ZDURZVNL�� $�&�$OEUHFKW�� -��&KHP��3K\V���������������������$�9�.RYDO�FKXN��0�1�3LYQHQNR��8NU��)L]��=K���������������������1�,�*ULW]HQNR�� 1�9�0RVKHO�� 8NU��)L]��=K��� ������������������/�9�%OLQRY��(OHFWUR�2SWLFDO�DQG�0DJQHWR�2S�WLFDO� 3URSHUWLHV� RI� /LTXLG� &U\VWDOV�� :LOHM�1HZ�<RUN������������/�9�0LUDQWVHY��3K\V��5HY��(�����������������
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